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Abstract. The goal of our work is to study the spaces of primitive elements 
of the Hopf algebras associated to the permutahedra and the associahedra. 
We introduce the notion of shuffle bialgebras, and compute the subpaces of 
primitive elements associated to these algebras. These spaces of primitive 
elements have natural structure of some type of algebras which we describe 
in terms of generators and relations. Applying these results we are able to 
compute primitive elements of other combinatorial Hopf algebras, and describe 
the algebraic theories associated to them. 



Introduction 

The aim of this paper is to compute the subspaces of primitive elements of some 
combinatorial Hopf algebras and to describe them as free objects for some new 
types of algebras. 

The main examples of combinatorial Hopf algebras studied are the Malvenuto- 
Reutenauer Hopf algebra (see [26]), the algebra spanned by the faces of the permu- 
tahedra (see [7],[4j), the algebra of functions between finite sets, and the algebra 
of planar rooted trees (see [23 )• In all cases we describe them as free objects for 
some algebraic theories, and compute the subspaces of their primitive elements. 
Although the primitive elements of the Malvenuto-Reutenauer algebra and of the 
algebra of planar binary rooted trees have been previously computed in [2] , [3] and 
[12] ■ our description has the advantage of showing them as free objects for some 
algebraic theories described in terms of generators and relations. These results give 
in each case a Cartier-Milnor-Moore type theorem. 

In the general case, there does not exist a standard method to compute the space 
of primitive elements of a non-cocommutative coalgebra. The examples studied in 
this paper have one point in common: they are equipped with an associative product 
X , called the concatenation product, which verifies a nonunital infinitesimal relation 
with the coproduct. Nonunital infinitesimal bialgebras were introduced in [24j . 
where we proved that any connected nonunital infinitesimal bialgebra is isomorphic 
to the cofree coalgebra spanned by the space of its primitive elements. This result 
is the main tool used in the present work to compute the primitive elements. 

We deal first with shufHe algebras, whose free objects are closely related to the 
Malvenuto-Reutenauer and Solomon-Tits Hopf algebras. Shuffle algebras are a par- 
ticular case of monoids in the category of 5-modules, as described in and pp] . 
where the operations do not preserve the action of the symmetric group. After- 
wards, we extend our results to other algebraic structures: the preshuffle algebras 
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and the grafting algebras, the last ones are given by the underlying spaces of non- 
symmetric operads. The way we study them is largely inspired by the treatment 
given by J.-L. Loday to the so-called triples of operads, see Let us describe 
briefly the method employed: 

(1) Given a linear algebraic theory T, we introduce the notion of T bialgebra, 
in such a way that any free T algebra has a natural structure of T bialgebra. 

(2) In a second step, we identify the theory T with the space of all the opera- 
tions of the theory, and compute a basis for a subspace VrirriT of T, such 
that the space of primitive elements of any T bialgebra is closed under the 
action of the elements of Vrimq-. 

(3) Afterwards, we prove that any free T algebra T{X) is isomorphic, as a 
coalgebra, to the cofree coalgebra spanned by the space Vrim'r{X), gener- 
ated by the operations of Vrimq- on the elements of X. Applying results 
proved in [24], we get that Vrimq- (X) is the space of primitive elements of 
T{X). 

(4) Finally, we describe the algebraic theory associated to Vrimq- in terms 
of generators and relations; and prove that the category of connected T 
bialgebras is equivalent to the category of Vrimr algebras. 

It is quite easy to compute the theory Vrimgh when T is the theory of shuffle 
algebras. The other examples follow easily from this case. 

The paper is organised as follows: 

The first section of the paper recalls some contructions on planar rooted trees 
and on permutations, needed in the following sections. 

In Section 2 we give the definition of a shuffle algebra, describe the free objects 
for this theory in terms of permutations, and give the main examples. Shuffle 
bialgebras are introduced in Section 3. We also show that there exist natural 
functors between the categories of graded infinitesimal bialgebras and the category 
of shuffle bialgebras. 

In Section 4 we compute the primitive elements of a shuffle bialgebra, and prove 
that they are given by some new algebraic objects called Vrimsh algebras. We 
prove a Cartier-Milnor-Moore Theorem in this context, showing that the category 
of connected shuffle bialgebras is equivalent to the category of Vrimsh algebras. 

The next Section is devoted to introduce the relationship between the algebraic 
theories introduced in the paper and the operads of dendriforn, infinitesimal and 
2- associative algebras. In Section 6 we show that any coproduct on a free shuffle 
algebra gives rise to a boundary map, and show that the classical boundary map 
of the permutohedra is an example of this construction. 

In Section 7 the notion of preshuffle bialgebras is introduced. As a particular 
case of preshuffle algebras, we introduce grafting algebras, and prove that the free 
objects for this theory are given by the spaces spanned by planar coloured trees. In 
fact, the notion of grafting algebra coincides with non symmetric algebraic operad, 
however since we study them as algebras we keep the name of grafting algebra to 
designate them. From? the definition of Vrimsh algebras, we compute the suspaces 
of primitive elements of preshuffle bialgebras and grafting bialgebras, and describe 
any connected preshuffle (respectively, grafting) bialgebra as an enveloping algebra 
over its primitive part. A variation of Cartier-Milnor-Moore Theorem is proved 
in this context, showing that the category of connected preshuffle (respectively. 
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grafting) bialgebras is equivalent to the category of Prirupsh (respectively, Vrimgr) 
algebras. 

The last section of the paper contains some applications of the computations of 
primitive elements made for preshufSe, shuffle and grafting bialgebras to some good 
triples of operads (see [22]). 

Acknowledgement. The author wants to thank the support of Ecos-Conicyt 
Project E06C01 during the correction of this paper, as well as J.-L. Loday and T. 
Schedler for helpful comments. 



1. Preliminaries 



We introduce here some definitions and notations that are used in the paper. 

Let ii' be a field, (g) denotes the tensor product of vector spaces over K . Given 
a graded i^T-vector space A, A+ is the space A® K equipped with the canonical 
maps K ^ A+ — > K. 

Given a graded vector space A = An , we denote the degree of an homogeneous 

n>0 

element x G An by |a;| = n. 

For any set X, we denote by K[X] the vector space spanned by X. 

Given a i^T-vector space V, the tensor space over V is the graded vector space 

T{V) := V'^". The reduced tensor space T{V) over V is the subspace V"®". 

n>0 n>l 

The space T(V) with the concatenation product, given by: 

(Wl • ■ • ® V„) • (Wl ® • ■ • ® Wm) := Wl (8) • ■ • ® W„ ® Wl (g) • ■ • ® Wm, 

for III, . . . , w„, wi, . . . , Wm G V, is the free associative algebra spanned by V. 

This product is extended to T{V) in the unique way such that the unit Ik of 
the field K becomes the unit for the concatenation product. 



Coalgebras. A coalgebra C over if is a vector space, equipped with a coproduct 
A : C — > C ® C, which is coassociative. 

We use Sweedler's notation, and denotes A(x) = J2^{i) ® ^{2)1 fo^' x E C. 

A coalgebra C is counital if there exists a linear map e : C — > K such that 

(e (g) Idc) o A = Idc = {Idc ® e) o A, where we identify K®C and C ®K with C, 

via the canonical isomorphism. 

For a counital coalgebra (C, A, e), we define the reduced coproduct 

A A - Idc <E>e-e(g) Idc on Ker{e). Note that A : Ker{e) — > Ker{e) ® Ker{e) 

is coassociative too. 

Let C = C„ be a graded if-vector space. A graded coassociative coproduct on 

n>0 

n 

C is a coassociative coproduct A such that A(A„) C At An-i- 

4=0 

Given a coassociative coproduct A on C and r > 1, we denote by A*" : C — > (j'Sr+i 
the homomorphism defined recursively as A^ A and A''+^ :— (A** (g) Idc) ° A, 
for r > 1. 
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Most of the coalgebras we deal with in the paper are not counital. Given such a 
coalgebra (C, A) we define an associate counital coalgebra (C+, A+), where C+ := 
K®C and 

, , , f 1 ® X + a; ® 1 + A(x), for a; e C 
A+(a;) ^ { ^ " 

The space C+ with the coproduct A+ and the counit e given by: 




0, for X e C, 
X for X e -ftT, 



is a counital coassociative coalgebra. 

Let F be a vector space, the deconcatenation coproduct on T{V) is given by: 

n-l 

A''(?;i (g) • • • w„) := ^(wi ® ■ ■ ■ ®Vi)® (v^+i ® ■ ■ ■ ® w„). 

i=l 

The graded space T[V) — T{y)+ equipped with the coproduct A'^ is a coassociative 
coalgebra. 

1.1. Definition. Let C = ^^Cn be a positively graded if -vector space, equipped 

n>l 

with a coassociative coproduct A. An element x e C is called primitive if A(x) = 0. 
The subspace of primitive elements of C is denoted by Prim(C). 



1.2. Definition. Let (C, A) be a coassociative coalgebra, and let FpC be the fol- 
lowing filtration on C: 

FiC := Prim(C) 

FpC := {x e C I A(x) e Fp_iC ® Fp_iC}. 

Following the definition of D. Quillen (see [3T]), we say that C is connected if 

[jFpC. 

p>i 

The definition of primitive element for the counital coalgebra (7+ becomes 
X e Prim(C+) if A+(x) = xCS)l + l®x. In this case, Prim(C+) Prim(C). 



The main purpose of this work is to study bialgebra structures on spaces spanned 
by (coloured) functions between finite sets, permutations and trees. The rest of this 
section is devoted to introduce definitions and elementary results on these objects. 

Permutations and shuffles. Let Sn be the group of permutations on n elements. 
A permutation a is denoted by its image (cr(l), . . . , cr{n)). 

The element 1„ = (1, 2, . . . , n) denotes the identity of 5„. The set 6*00 := [J '^'n is 

n>l 

the graded set of all permutations. 
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1.3. Definition. Given 1 < r < n, a composition n of n of length r is a family 

r 

of positive integers (rii, . . . , n^) such that rii = n. The number r is called the 

i=l 

length of the composition n. 

For any composition n = (m, . . . , Ur) of n, there exists a homomorphism 
Sni X • • • X Sn^ ^ Sn given by (tri, . . . , cr,.) cri x • • • x (7^, where 

(cti X • • • X (Jr){i) ■■= (7k{i - ni «fe-i) + H h 

for rii + ■ ■ ■ + < i < rij + ■ • • + n^.. For any composition n, denotes the 

subgroup of Sn which is the image of S^ii x • • ■ x S'„^ under this embedding. 

The operation x : SVi x — <■ Sn+m defined previously is an associative prod- 
uct on ^oo, called the concatenation. 

In [26], C. Malvenuto and C. Reutenauer introduce the following definition. 

1.4. Definition. A permutation cr e is irreducible \i a ^ \^ Si x Sn-i- We 

i=l 

denote by Irrs,^ the set of irreducible permutations of Sn ■ 

Note that the graded vector space K[Soo] ■— ^^K[Sn], where if [S'„] denotes the 

n>l 

vector space spanned by the set of permutations, equipped with the concatenation 
product, is the free associative algebra generated by Itts^- 

n>l 

1.5. Definition. (1) A subgroup W of Sn is called a parabolic standard sub- 

group iiW — iSnjx - xrv J for some composition (ni, . . . , Ur) of n. 
(2) Given a composition n = (ni,...,ni-) of n, a {m, ... ,nr)- shuffle, or n- 
shuffle, is an element a of Sn such that: 

cr"^(ni H h rifc-i + 1) < ■ • • < a^'^{ni H h rifc), for 1 < fc < r - 1. 

The set of all (ni, . . . , nr)-shuffles is denoted indistinctly Sh{ni, . . . , n^) or Sh{n). 

Note that 

(i) Sh{ni, . . . , ni, 0, rii+i, . . . , n^) = Sh{n) , for any composition n = (tt-i, . . . , n^) 
and any < i < r, 

(ii) Shin) = {!„}, 

(iii) ShiX) = Sh{l, . . . , 1) = Sn, for n > 1. 

Given positive integers n, m, the permutation e„ „j := (n + 1, . . . , n + to, 1, . . . , n) 
belongs to Sh{n,m). 

The following results about Coxeter groups are well-known. For the first asser- 
tion see for instance [33j . the second one is proved, in a more general context, in 

1.6. Proposition. (1) Given a permutation a G Sn and an integer < i < n 
there exists unique elements cr^-^^ G Si, o'^^^ € Sn-i and 7 G Sh{i,n — i) such that 
a = (a^^) X a^-') • 7. 

(2) Given compositions n of n and Sh{ni) of to, we have that: 
{Sh{n) X Sh{in)) ■ Sh{n,m) = 5/i(nUm), 
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where nUm := (m, . . . , n^, mi, . . . ,mp). 

Coxeter poset of the symmetric group. The results stated in tiie previous 
section imply that, for any composition n of n, and any right coset S„^x---xnr. ■ c, 
there exists a unique element 6 G Sh{n) such that 

SniX---xnr ' ^ ~ Snix---xnr ' ^• 

1.7. Definition. For n > 1, the Coxeter poset Vn of 5„ is the set of cosets: 

Vn ■= {Snix---xnr ' ^ I with n = (m, . . . ,71^) a composition of n and 6 G Sh{n)}, 
ordered by the inclusion relation. 

The maximal element of Vn is the unique cosct modulo S'„, that is Sn ■ In which 
will be denoted by and the minimal elements are the cosets S'lx- -xi • c which 
are denoted simply by cr, for cr e 5„. 
Note that Vn is the disjoint union of the subsets 

:= {Sn,x-xnr -S \ Se Sh{n)}, for 1 < r < n. 

Functions on finite sets. Given positive integers n and r, let Tlj^ be the set 
of all maps / : {1, . . . , n} — > {1, . . . , r}. For / G J^^, we denote it by its image 
(/(I), . . . , f{n)). The constant function (1, . . . , 1) & is denoted by For n > 1, 

n 

let ■■= U :f:. 

r=l 

For any n, m, r and k, there exists an embedding T!^ x — > J-^+nn given by 
/ X 5 := (/(I), . . . , f{n),g{l) + r, . . .,g{m) + r), for f & B.nd g & J^^. 

1.8. Remark. (1) The set of permutations Sn is a subset of JF" and the cm- 

bedding J"^ X ^ ^n+mi restricted to Sn X Smi coincides with the 
concatenation x , previously defined. 

(2) For any element / G JT^^ there exists a unique non-decreasing function 

G J^n ^^rid a unique permutation cr/ G Sh{ni, . . . , rir) such that 

f = f- CTf, 

where n, = \f~^{i)\ for 1 < i < r, and • denotes the composition of func- 
tions. 

(3) For n > 1 and 1 < r < n, there exists a natural bijection between V^ 
and the set of all surjective maps from {1, . . . , n} to {1, . . . , r}. Given a 
composition n = (m, . . . , rir) of n and 6 G Sh{n), the element <S'„i x-- xnr ' ^ 
maps to the function £,n'S, where: 

for m H h Uk-i < j <ni-\ h rifc. 

For example, the element 5'2,3,i ■ (3, 1, 2, 4, 6, 5) maps to the function 
(2,l,l,2,3,2)G.f|. 

For n,r > 1, we may identify V^ with the subset {/ G J-n | /is surjective} 

of J^n- The map X : J^nX > .?>i-|-m restricts to X -.VnXVm > Vn+m- 
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From now on, we shall use Remark 1 1.81 ^-nd denote the elements of Vn as surjective 
maps by their image / = (/(I), . . . , f{n)). 

Let /C„ be the set of all maps / G Vn verifying the following condition: 

if f{i) = f{j), for some i < j, then f{k) < f{i) for all i < fc < j. 

Is is immediate to check that f ^ g G ICn+rm for any / G /C„ and g e /Cm- 

We extend the definition of irreducible permutation to JF„ as follows: 

n>l 

n-l 

1.9. Definition. An element / e is called irreducible if / ^ [J -^i x J'n-i- 

i=l 

The set of irreducible elements of J>i is denoted Irrjr^. In a similar way, the 
sets of irreducible elements of Vn and ICn are the sets Irr-p^ := Vn H /rry,, and 
^rrjc,, := /Cn H Irry^^, respectively. 

Again, the graded space K[!Foo] '■= K[!Fn] equipped with the concatenation 

n>l 

product is the free associative algebra spanned by Ittj^^- Analogous results 

n>l 

hold for the spaces K[Voc] K[Vn] and K[K.^] :== K[lCn] 

n>l ri>l 



Planar rooted trees 

1.10. Definition. A planar rooted tree is a non-empty oriented connected planar 
graph such that any vertex has at least two input edges and one output edge, 
equipped with a final vertex called the root. For n > 2, a planar n-ary tree is a 
planar rooted tree such that any vertex has exactly n input edges. 

Note that in a planar tree the set of input edges of any vertex is totally ordered. 
All trees we deal with are reduced planar rooted ones. From now on, we shall use 
the term planar tree instead of planar rooted tree. 

1.11. Notation. (1) We denote by Ym the set of planar binary trees with m + 1 

leaves, and by T™ the set of all planar trees with m+1 leaves. Clearly, Ym 
is a subset of T,„. 

(2) Given a tree t e T™, we denote by v{t) the number of internal vertices of 

m 

t and by \t\ = m the degree of t. The set T„i is the disjoint union T,'^, 

r=l 

where T^^ is the set of planar rooted trees with m+1 leaves and r internal 
vertices. 

Let t be an element of Tm, the leaves of t are numbered from left to right, 
beginning with up to m. We denote by Cm the unique element of T^, which has 
m + 1 leaves and only one vertex (the corolla). For any t G Ym, the number of 
internal vertices of t is v(t) = m. 
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Let X = Xn be a positively graded set. The set T^.x is the set of planar 

ri>l 

binary trees with the internal vertices coloured by the elements of X in such a way 
that any vertex with k input edges is coloured by an element of Xk-i. 

1.12. Definition. Given coloured trees t and w, for any < z < \w\, define t Oj w 
to be the coloured tree obtained by attaching the root of t to the i-ih leaf of w. 

For instance 

\ / X X \ / 

\ y V X 

f 02 \ X = N / 

i Z Z 

i i 

1.13. Notation. (1) Given coloured trees i^, . . . t''"! and w, we denote by 

(t'^, . . . , t'*"!) o w the tree obtained as follows: 

{t\ . . . o ^ oo (tl oi (. . .tl-l-l 0|^|_i (tl-l 0|^| w))). 

(2) Given two coloured trees t and w and x G Xi, we denote hy t\Jx w the 
tree obtained by joining the roots of t and w to a new root, coloured by 
X. More generally, we denote by \/^{t^, ■ ■ ■ ,t^) the tree {t^, . . . ,V)o (cr, x), 
for X e Xr. 

Any coloured tree t may be written in a unique way as t = Vx(^°' ■ • • j i'^)? with 

r 

|i| = ^ |f I + r - 1 and x E Xr- 

i=0 

Recall that the number of elements of the set of planar binary rooted trees with 
n + 1-leaves is the Catalan number c„ — (^^® ) ■ "^^^ number of planar 

rooted trees with n + 1 leaves is called the super Catalan number Cm, and it is 
given by the following recursive formula: 

n-l 

Cm — Gm~l + 2 ^ ^ CiC„_(i+i) . 
i=l 



2. Shuffle algebras 

Our goal is to describe the spaces spanned by coloured permutations and coloured 
elements of Vao as free objects for some type of algebraic structure. 

In order to achieve our task we introduce the notion of shuffle algebras. 



2.1. Definition. A shuffle algebra over if is a graded iiT-vector space A = Ar, 

n>0 

equipped with linear maps 

J : An ®K Am A, for 7 £ Sh{n, to), 



verifying that: 



X [y •5 z) = [x y) •a z, 

whenever (1„ x (5) • 7 = (a x 1^) ■ A e Sh{n, to, r). 
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Let S-Mod be the category whose objects are infinite families M — {M{n)}n>o 
of if-modules, such that each M{n) is a right K[Sn]-modvde, for n > 1. A homo- 
morphism / from M to N in S-Mod is a family of linear maps 
f{n) : M{n) — > N{n) such that each f{n) is a morphism of iir[S'„]-modules. 
The category §-Mod is endowed with a symmetric monoidal structure ®s given by: 

n 

(M«.sAO(n) = 0(M(i)®iV(n - z)) 0k[5,xS„_,] 

where M{i)®N{n — i) has the natural structure of right iir[5iXS'„_i]-module. 

By Proposition II. 6i the tensor product {M{i)®N{n — i)) ®K[Siy.S„-i] K[Sn] is 
isomorphic to M{i)^N(n — i) ^ K[Sh{i, n — i)]. 

Moreover, the associativity and symmetry of ®s are given by the isomorphisms: 

(1) aMNR ■■ (Mg)s7V)(g)si? — > M(g,s{N(g>sR), with 

aMNR{{x ®y®a)®z®5) := x ® (y ® z ® 7) (g) r, 

whenever (cr x 1^) • 5 — (1„ x 7) • t in Sh{m, n, r), for x € M(r7i), y G N(n) 
and z S R{r). 

(2) CA/jv : M<g)sN — > N®sM, with 

cmn{x <Siy®(j) :=j/(g)a;(g) (e„^„ • cr), 

where en,m = (rt + 1, . . . , n + m, 1, . . . , n) G Sh(n, m), for x G M(m) and 
y G iV(n). 

Let (M, o) be a monoid in (§-Mod, (Sis), the space Af = M(n) has a natural 

n>0 

structure of shuffle algebra, given by: 

X •jy := o{x ® y (g) 7), 

for X G M{n) and y G M{m). The associativity of o implies that the products •■y 
fuUfiU the conditions of Definition 12.11 

In and [2U], an associative monoid in (S-Morf, ®s) is called a twisted associative 
algebra or an As-algebra in the category S-Morf. 

Given an associative graded algebra {A — ^n, •), consider A — {A„(g)fC[S'„]}„>o. 

ri>0 

The S-module A has a natural structure of monoid in (§-Morf, ®s), given by: 

o((a;, cr) ® (y, r) ® 7) := (x • y) (g) (cr x r) • 7) G v4„+m «> K\Sn+^, 
for a; G A„, y G ^m, cr G Sn-, t G and 7 G S'/i(n, m). 

2.2. Examples, a) The tensor space For any vector space V the tensor space 
T{V) := 0„>i F*^", with the products given by: 

(Wl (g) ■ • • «„) 9^ {Vn+l W„+m) := ^7(1) (g ' ' ' (g W7(„+m), 

for wi, . . . , G y, is a shuffle algebra. 

b) Free shuffle algebras. Define, on the graded vector space K[Soo] '■= K[Sy-^, 

n>l 

the operations : K[Sn\ ® K[S,n] — > K[Sn+7yi] as follows: 

a T := [a t) ■ 7, 
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for a e Sn, T G Sm and 7 £ Sh(n^ m). It is immediate to check that {K[Soa], •7) is 
a shuffle algebra. 

In general, for any set E, the space K[Soo,E] := K[Sn x i?"] equipped with 

>i 

the operations 

(ct, Xi, . . . , Xn) *j (t, Xn+1 , • ■ • , 2;n+m) ■ — ^7 ''"j '^-y(i) , • ■ • , 2^7 (n+m) ) 

is a shuffle algebra. 

Note that the map E ^ K[Soo,E] maps e £ i? to the element ((1); e) £ 5*1 x E. 
So, the degree of any element e £ -E is one. 

In general, given a positively graded set X = (J X„, consider the vector space 

n>l 

K[fao,X] spanned by the elements {f,xi, . . . ,Xr) £ J-^ x such that \xi\ = 
for 1 < i < r, with the operations given by: 

{f;xi, ...,xr)»y {g;yi, ■■■,yk) ((/ x g) ■ 7;a;i, ...,Xr,yi,.. .,yk), 

for (/; ) G ^n^x, {g;yi,...,yk) G ^m,x and 7 £ Sh{n,m), is a shuffle 

algebra. 

The subspace KlVoojX] of i4r[jroo, X] is closed under the products •7. So, K[Voc, X] 
has also a natural structure of shuffle algebra. 

2.2.1. Proposition. Given a positively graded set X, the algebra {K[PaoT X],*-^) 
is the free shuffle algebra spanned by X . 

Proof. From the definition of shuffle algebra and Proposition [L6l one has that any 
element in the free shuffle algebra spanned by X is a sum of elements x, with 

X = Xi •71 {X2 "72 (. • . {Xk-l •7fc_i Xk))), 

for unique elements Xi ^ X and unique shuffles 7^, for 1 < i < fc. Let '0 be the 
honiomorphism from the free shuffle algebra spanned by X to the space K\Poo, X], 
such that: 

•7, {x2 "72 (■ . . {xk^i •7^,_i Xk)))) := (Cn ■ 7; • . . , Xk), 

where 

(1) Tij = \xi\, for I < i < k, 

(2) 7 = (l„i+...+„,_2 X 7fc_i) (l„i x 72) • 71. 

Conversely, let / : {1, . . . ,n} {1, . . . , r} be a surjective map, and let n,; :— 
for 1 < i < There exists a unique permutation 7 £ Sh{n) such that 

/ = Sn-7- 

Moreover, there exist unique permutations 
7i £ Sh{ni, Ui+i + • • • + rife) such that: 

7 = (l„i+...+„,_2 X 7fc) (1„, X 72) • 71. 

The inverse of ^ is given by: 

"^'^{f'^xi, ...,Xk)^xi •71 (a;2 •72 (. . . (a;fc_i Xk)))- 

Clearly, if E is concentrated in degree 0, the free shuffle algebra spanned by E 
isK[Soo.E]. 
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c) Non-unital infinitesimal bialgebras. Suppose that {A, •) is a graded K- 
algebra, equipped with a coassociative coproduct A : A ^ A such that: 

^{^ • y) X! ^ ' ^(1) ® ^(2) + X! ^(1) ® ^(2) -y + ^^y^ for x,y e a, 

where A.{z) = X) ^(i) ® -^(2)) for z E A. The triple {A,-, A) is called a nonunital 
infinitesimal bialgebra (see |24)1. 

It is easy to see that the reduced tensor space T{V), equipped with the concate- 
nation product and the deconcatenation coproduct, is a graded unital infinitesimal 
bialgebra which is denoted T {V). 

2.2.2. Remark. Given a permutation 7 G Sh{n,m) there exists unique integers 
ni, . . . ,nr and mi, . . . , rrir such that: 

7 = (1, . . . , ni, n-|- 1, . . . n + TOi, ni + 1, . . . , ni +712, . . . , mi H hmr-i + l, . . . ,m), 

r r 

where Tti = n, ^^m^ = m, ni > 0, > 1 for i > 2, m^ > 1 for j < r, and 

i=i j=i 
rrir > 0. 

Let A = A„ be a positively graded nonunital infinitesimal bialgebra. The 

n>l 

map A„j_...^„^ : An — > (g) ■ • ■ 05 is given by the composition of A""^^ with 
the projection p„i...„^ : ^4®" — > A^ • ■ • ® ^n^. 
For any x G let A„i,...^„^(a;) = X) a;"/--, «)■•■«) a;";'^. 

The proof of the following result is given for a general case in Theorem 17.91 

2.2.3. Lemma. Let An, ■, A) be a graded nonunital infinitesimal bialgebra. 

n>l 

The graded space A, equipped with the operations: 

2; •7 y = ^ 2:"/^ • y") • y™)"' a; e A„, y e A„, and 7 e 5'/i(?i, m), 

h/(i)t=« 

where rti, . . . , 0*^^ 'Tii, . . . , m^ are t/ie integers which determine 7, as pointed out 
in Remark ] 2. 2. 2\ is a shuffle algebra. 

d) The algebra of parking functions, (see [27] and [28]) Let PFn be the subset 
of all functions / in J-'^" which may be written as a composition f = f^ ■ <J, with 
/i G Tn such that /^(i) < i for all 1 < i < n, and cr G S'n. Such a function is called 
a parking function. 

Applying Remark 1 1.81 we get that for any parking function / G PFn there exist 
unique elements G PFn and cr G Sh{ri, . . . , r„) such that is a non-decreasing 
parking function and f — f'^ ■ <J, where r.; = \f^^(i)\. 

Define the concatenation map x : PFn x PF^ — > PFji+m as the restriction of 
the concatenation product Tn ^ — * ^n+rrn t^iat is: 

f 'X g ■■= (/(I), • • • , /("), 5(1) + • ■ ■ , gim) + n). 
Note that f x g is also a parking function. Moreover, for any functions / G PFn, 
g G PFm and 7 G 5/1(71, m), the product f g = {f x g) -1 belongs to PFn+m- Let 
PQSym„ denote the /iT- vector space spanned by the set PFn for n > 1, the space 
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spanned by all parking functions PQSym := PQSym„ is a shuffle subalgebra 

n>l 

Following 2.2.3 of f28l, for a parking function / e PF„, an integer 6 G {0, 1, . . . , n} 
is called a breakpoint of / if |{i | F{i) <b}\ = h. 

I. Gessel defined a primitive parking Junction as an element / G PFn such that 
its unique breakpoints are the trivial ones: and n. Let PPFn be the subset of 
prime parking functions of PFn- It is immediate to check that / G PFn if its 
associated non-decreasing parking function cannot be written a a concatenation of 
parking functions of smaller degree. 

Note that the definition of breakpoint implies that if for any parking function f € Pn 
and any permutation a G Sn the sets of breakpoints of / and of / • cr are the same. 
So, the subset PPFn is invariant under the right action of Sn- 

2.2.4. Remark, (see 2.2.3 of [28]) A element in PPFn is a parking function which 
cannot be described as f u-y g for some / S PFk, g S PFn-k and 7 G Sh{k, n — k). 

Remark 12.2.41 implies the following result. 

2.2.5. Lemma. The shuffle algebra PQSym is the free shuffle algebra spanned by 
the set PPF := (J PPFn of all prime parking functions. 

n>l 

Proof. As is pointed out in [28|, a parking function / G PFn has a breakpoint at 
< 6 < n if and only if there exist unique functions /i G PF^, /2 G PFn-b and 
a shuffle a G Sh{b,n — b) (not necesarily unique) such that / = (/i x /2) • cr. By 
a recursive argument on the number of breakpoints of /, it is immediate to check 
that the set PPF :— |^ PPFn spans PQSym as a shuffle algebra. 

n>l 

To see that PQSym is free as a shuffle algebra, it sufflces to note that for any 
function / G PFn with breakpoints < bi < ■ ■ ■ < br < n, there exist unique 
elements /i G PPFf,^ , /a G PPFb^^b, fr+i G PPFn-b^ such that 

/ = (/i X /2 X ■ • • X fr+i) ■ a, with a G 5'/i(6i, 63 - 61, . . . , n - 6^).^ 



Note that the group Sn acts on the right on the set PPFn, for n>l. 

So, PPF ~ {K[PPFnW n>i is an object in the category S-Mod. Applying Lemma 

[2X51 it is immediate to check that PQSym = Ts{PPF) = ^j^g 

ri>l 

category S-Mod, which means that as a shuffle algebra PQSym is the free monoid 
spanned by PPF in the monoidal category (S-Mod, (X)s). 



2.3. Definition. Given graded spaces V = Vn and W = Wm there exist 

ri>0 m>0 

two ways to obtain the product of both spaces: 

(1) The Hadamard product of V and VF, denoted by ^ ® W , is the graded 
vector space such that {V ® W)n '-—Vn® Wn, for n > 0. 
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(2) The tensor product of V and W, denoted hy V ® W, is the graded vector 

n 

space such that {V ® W)n ^ ® W„_i, for n > 0. 

i=0 

2.4. Remark. Let 0<r<n + mbean integer and let 7 be a ('n,mj-shuffle. There 
exist a unique non negative integer < ni < r and permutations j^-^-^ G Sr and 

^n+m-r ^ Sn+rn^r SUCh that 7 = (1„, X en-ni,mi X !,„-,„ J • (7('i) X 7(2|"~''), where 

ni := |7^^({1, . . . , n}) fl {1, ■ • ■ ?'}| and mi := r — rii. Moreover, the permutation 
7^^.j belongs to Sh{ni, mi) and 7^^™^'^ belongs to Sh{n — ui, m — mi). 

The proof of the following result is immediate. 

2.5. Lemma. Let [A, •-y) and (B, og) be two shuffle algebras. 

(1) The Hadamard product A ® i? has a natural structure of shuffle algebra, 

H 

given by the operations: 

(x y) •-y {x' y') := {x •j x') (X) (y y'), 

for X S An, y £ i?„, x' e y' e i?„j and 7 e Sh{n, m). 

(2) T/ie tensor product A® B has a natural structure of shuffle algebra, given 
by the operations: 

\ {x • x')®{yo +,^, y'), for n = (n + n')i, 
(a; ® y) {x' ® y') := <^ ^d) ^(2) 

1^0, otherwise, 

where x £ An, x' £ A„', y G yl„i, £ A^i , 7"i|" £ Sh{n,n') and 
7(2)^'" ^ Sh{m,m') are the permutations defined in Remark \2.4\ and 
{n + n')i := |7-1({1, . . . n + m} n {1, . . . , n + 

For any shuffle algebra {A, •^), define the products •o and •fop as follows: 
x»oy:=x •i^^^ y, 
X •top y ■= y X, 

for X £ A„ and y £ A„i. 

2.6. Remark. The products •o and utop are associative. 
Moreover, Proposition 11.61 implies the following result. 

2.7. Lemma. Let {A, m^) be a shuffle algebra. The product * : A (x) A A defined 
as: 

X *y := X •j y, for x £ An and y £ A^,, 

^GSh{n,m) 

is associative. 
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3. Shuffle bialgebras. 



We study coproducts on shuffle algebras that turn them into Hopf algebras. 

3.1. Definition. Let (A, be a positively graded shuffle algebra, such that A 
is equipped with a graded coassociative coproduct A. We say that {A,»j,A) is a 
shuffte bialgebra if it verifies: 

n+m — 1 

A(a; = J2 (11(^(1) ^-i) 2^(1)) ® ^(2)))' 

r—l 

where 7^-^^ and 7"2|'""^ are defined in Reinark l2.4l the second sum is taken over all 
|a;(i)| = ni and \y(i) \ = mi, and we fix 

{X, for Til = n 
y, for ni — 0, 

I x, for ni — Q 

^(2) for ni = n, 



3.2. Proposition. Let {A, •^j A^i) and (S, o^, A^) he shuffle bialgebras. The Hadamard 
product A® B with the operations given in Lemma [275\ and the coproduct given 

H 

by: 

AA(g,Bix <»y) = ^ ® 2/(1)) «) (a;(2) (8) 2/(2)), 

N(i)l=li'(i)l 

is a shuffle bialgebra. 

Proof. Let X G An, y G Bn, z G Am, w G -B,n and 7 G Sh{n,m). 
For 1 < r, s < n + TO, we have that •^^'-^^ = r and jj/j^j^^ •^^^^ ^(2)1 ~ ^"-"^ 
ni + mi = r and ki + li = s. So, •jj-^^ | = jj/j^j^^ •-ys^^ ""^(2)1 ^'^'^ °^-'-y 
r — s, which implies that 

k"i)l =ni^ \y'i^l^\ and = toi = 

The argument above implies the result. <0> 

The proof of the following Lemma is straightforward. 

3.3. Lemma. (1) Let (A, •i. A) be a shuffle bialgebra. The relationship between A 
and the associative products and •top defined in the previous subsection, is given 
by the following equalities: 

^{x -o y) = 'o 2/(1)) ® 2/(2) + X! ^(1) ® (^(2) *oy)+x(E)y, 

A(a; •top y) = •top 2/(1)) ® 2/(2) + X! ^(1) ® (^(2) 2/) + 2; (X" 2/, 

/or a;, 2/ G A. 



SHUFFLE BIALGEBRAS 



15 



(2) Let {A,* J, A) be a shuffle bialgebra and let * be the associative product defined 
on A+ ^ A(S K by: 

X "-y y, for X e An and y e Am 

■yeSh(n,m) 

xy, ii X ^ K OT y E K. 

Then *, A_|_) is a Hopf in the usual sense, which means that: 

A+{x *y) ^ ^{^(1) * y(i)) ® {^{2) * 2/(2)), for x,y e A+, 

where A+(A) = XIk ® ^k, for X £ K, and A+(x) :— x ® Ix + Ik ® ^ + A{x), for 
X G A. 

3.4. Corollary. (1) If {A, •i, A) is a shuffle bialgebra, then {A, •o, A) and {A, •top, A) 

are nonunital infinitesimal bialgebras. 

(2) //(A, •-yjA) is a shuffle bialgebra, then A+) is a Hopf algebra. 

The previous result implies that there exists two functors, Hq and Htop, from 
the category of shuffle bialgebras to the category of graded nonunital infinitesimal 
bialgebras. 

We prove that all the examples of shuffle algebras given in the previous Section 
can be equipped with a structure of shuffle bialgebra. 

3.5. Examples, a) The Malvenuto-Reutenauer bialgebra (see [26]) On the 
vector space K[Sao], let Amr be the unique coproduct such that: 

n-l 

Amr{<j) - 1] f^a) ® ^^"27"' 



for 



<J E Sn, where a = 5r ■ (o'li) x f "2) '')' S^^ G Sh{r, n — r), for 1 < r < n — 1. 



3.5.1. Proposition. The shuffle algebra (KlSoo],*^), equipped with the coproduct 
Amr is a shuffle bialgebra. 

Proof. Let 7 be a (n,m)-8]m{&e, and let < r < n + m be an integer. 
From Remark 12.41 we have that there exists < ni, mi < r such that: 

trii X Cji— ni,mi X ini — mij ' W(l) ^ 7(2) )■ 

Suppose that, for a E Sn and t e Sm, 

a^a - ((7(^1) X (7(2) ') and r = ^ • (t^^^^ x t^^^ ^). 

Note that 

("rr"^"! X T-™M ■ <= — f . fx™! X rr"^"M 

V (2) (1) ' n — n\.m\ ^n — n\,m\ V (i) (2) ' 

So, the following equality holds: 
a •^T — 

(a X /^) ■ ((T(^) X e„^„i,™J ■ (T(^^ X (7(2) ) x ^(2) ) ' (7(i) x 7(2) ) = 

(a X /3) • (1„, X en-n,,ni, X l,n-m,) ' {{(7^^ 'jI^^ T^)) X {(j"^^''' — '^(2)""'))- 
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To end the proof it suffices to note tfiat {ax (3)- (l„j x €mi,n~ni x Im-mJ belongs 
to Sh{r, n + m — r). 

Let be a set, the coproduct of K[Scxj] extends to K[Soo,E] as follows: 

n-l 

^mr{o; ei, . . . , e„) = ^((t^^), 65^(1), . . . , es^(i)) (o-^jy^i ^^^(j+i) , ■ ■ ■ , es^(n)), 
1=1 

where a = Si ■ x crj^2)^), with 6i £ Sh{i, n — i) for 1 < i < — 1. 

Using the Proposition above, is not difBcult to check that {K[Soc,E],»i, Amr) is 
a shuffle bialgebra. 



b) Nonunital infinitesimal bialgebras. Let {A, •, A) be a graded nonunital 
infinitesimal bialgebra. 

3.5.2. Lemma. The associated shuffle algebra (A, •^), with the coproduct A is a 
shuffle bialgebra. 

Proof. Let 7 G Sh(n, m) be the permutation given by the sequences ni , . . . , 71^ and 

mi, . . . , rrij., as described in Remark 12.2.21 

For any l<s<n + m— 1, note that the decomposition 

7 = (Ipi X en-pi,qi X ■ (7^*^^^^ X 7^1"™ ^) 

of Remark l2.4[ is such that there exists 1 < A: < r, and 1 < nj; < or 1 < m'^. < ruk 
with: 

fe-i 

?^l + ■ • • + n'j., if s = ^(n-i + "mi) + n^. 



Pi = \ 



i=l 
fe-1 



rti H h rife. 



if s = ^('^2 + "^i) + "-fe + "^fe- 



ll! the first case 7^^*^^^ is given by the sequence ni, . . . , Uk-i, nj, and mi, . . . , mk^i, 0, 
while in the second one 7*j^^ is given by the sequence ni, . . . ,nk and mi , . . . , mk-i, m'f, . 

Given elements x £ An, y G A^, the coassociativity of A and the relation between 
• and A state that: 

A{x.,v) = Y.^^^m-yTi) 4V^w) = 



( E (-w • ^r^) « • )))• 

But (X(i) .T,.^^ 2/(1)) ® {X(2) •^"+™-» y(2)) = 



'(2) 

fe-1 



(^"i) ■ %) ■■■^1k))® i^^k+t)" ■ y'ik) ■ ■ ■ )' ^"'^ * = E^*^* + + '^'fc 

j=i 
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which imphes the result. 

Let G : Gre — > Sh be the functor which assigns to any graded nonunital infini- 
tesimal bialgebra (A, •, A) the shulHe bialgebra (A, •-y, A). It is easy to check that 
the compositions o G and Htop ° G are the identity functor, where Hq and Htop 
are the functors defined in Corollarv l3.4l 



c) The free shuffle algebra over a graded set. Let X be a positively graded 
set, and let 9 : K[X] — > K[X] (g) be a graded coassociative coproduct on 

K[X]. 

The coproduct Ag on KlVccX] is defined as follows: 

given / = • f, with n = (rii, . . . , rt^), a e Sh{n), and elements xi, . . . ,Xr G X, 
with Xi G : 

Ae{f;xi, ...,Xr) := 

n 

(^m' ■ f^(l); a;i(l), • ■ ■ ,Xr(l)) (Cn-m' ' (^^2)' , ■ ■ ■ ,a:^r(2))), 

where 

(1) a = 6i ■ (cr|^^ ® ''■(27*)' *= " ^ 

(2) for each 1 < i < n — 1, 

to} . . . ,i} n {ni H h nj-i + 1, . . . ,ni H 

(3) m* :— {m\, . . . , ml) and n — (ni — m^^, . . . , — toJ,), 

(4) e(a;j) = Xj^2), for I <j <r. 

For example, suppose that X„ = {Cnji for f^-^ 1, if is the unique coassociative 

n 

coproduct on K[X] such that 8(^„) — ^ (8) ^„_i then for / = (2, 3, 3, 5, 4, 1, 4, 3), 

i=0 

we get that: 

Ae(/) = (1)0(2, 2,5,3, 1,3,2) + (1, 2)0(2,4, 3,1, 3,2)+ 

(1, 2, 2) (4, 3, 1, 3, 2) + (1, 2, 2, 3) (3, 1, 3, 2) + (1, 2, 2, 4, 3) (1, 3, 2)+ 

(2, 3, 3, 5, 4, 1) (2, 1) + (2, 3, 3, 5, 4, 1, 4) (1). 



3.5.3. Proposition. For any positively graded set X and any coassociative coprod- 
uct Q defined on K[X], the coproduct Ag defines a shuffle bialgebra structure on 

Proof. Let / = • cr G P;;, 3 = ■ T G V^, Xi, . . . ,Xr,yi, ■ ■ ■ ,yk G X and 
7 G Sh{n,m), be such that a G Sh{n), t G Sh(m.) , \xi\ = Ui and \yj\ — ruj, for 
1 < i < r and 1 < j < k. 

Suppose that, for < r < n + m, j = S,. ■ (jj^i^ x J^.^"^"^), with 

= 1)11 ^ £n~ni,mi X Im— mi G Sh[r, n -\- m — r) . 

In Example a) we prove that: 

a.,T=iaxp).Sr- ((a- r™^ x (a^^"- .^..+.„-. r™-^)), 
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with a € Sh{ni,n — ni) and /? € Sh{mi,m — mi). So, 

a T = ((a X /3) . 6,) ■ {{a r)[i) x (a r)^+""'')- 

We have that: 

Ae((/; xi,...,Xr)»^{g]yi,.-., yk)) = 

51 (4h • ('^•7'^)(i)'^i(i)'---'2;'-(i)'2/i(i)'---'2^fc(i))'^ 

( Cn-l , m-h • {<y ''')"2t""'' ^1(2)' ' ' ■ i ^r(2)T yi(2)^ ■ ■ • 5 2/fe(2)))) 

where Ij := |ap/{l, • • • ,Pi} n {ni H h n^-i + 1, . . . ,ni H h nj}|, 

/ij := |/3~.pJl,...,i-ft}n{miH hm^-.i + 1, . . . , mi + . . . , m^}!, 1 = (Zi,...,/^) 

anrf h = (/ii, . . . , /i/j). 

So, we get that /^e{{f;xx,...,Xr) {g;yi, . . . ,yk)) = 

^(/; xi, . . . , Xr)(i)»Y^^^ (9; 2/1, • • • , yfe)(i)®(/; . . . , a;r)(2)»^n+r„-i {g;yi,..., yk)(2) -0 
d) Monoids in {S-Mod, ^s)- For an §-module M, a coproduct on M is a family of 

n 

homomorphisms of i4r[S'„]-modulcs f2„ : M(n) — > M{i) (g) M(n — i) (g n — 

i=0 

for each n > 0. For a; G -M(n), we have that 

n 

»=o ijeSh{i,n-i) 

The coproduct 17 is coassociative if for any a G Sh(n, m, + r), t E Sh{m, r), 

(5 e >S'/i(n + TO, r) and lv G 5'/i(n, to), such that (1„ x r) • cr = (w x 1^) ■ (5, it verifies 

the equaUty: 

Y. -'h ® K2))a) ® K2))[2) = EKl))"!) ® (4)) (2) ® 4)- 

A monoid (M, o) in the category {S-Mod, ^s) is a bialgebra if it is equipped with 
a coassociative coproduct verifying the condition: 

Q{o{x O y (g) 7)) = ® yh "1) K2) 2/(2) ® "2) <E) p, (*) 

for a; G M{n), y G M{m) and 7 G Sh{n,m), where 

(l„i X eTOi,„2 X 1^2) • (5 x r) • 7 = (ai x a2) • P in Sh{ni,mi,n2,m2), 
with ai G Sh{ni,mi), a.2 G Sh{n2, m2) and p G 5/i(r, n + m — r), with r = ni +toi. 

Note that if (M, o) is an algebra in (S-Mod, ®%), then M(n) is a shuffle algebra 
with the products x •j y = o{x (g y ® 7). However, even if (M, o, O) is a bialgebra 

in (§ — Morf, (g)s), the space 0M(n) with and is not necessarily a shuffle 
bialgebra. But it is possible to obtain two shuffle bialgebras from it, as we describe 
above. 
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3.5.4. Proposition. Let (Af, 0,51) is a bialgebra in (§-Morf, then: 

(1) The shujfle algebra (M = ®„>o '7) '^'^^ coproduct flo given by: 

n 

4=0 

where 1„ zs considered as a (i,n — i)- shuffle for < i < n, is a shujfle 
bialgebra. 

(2) The shuffle algebra [M — ®„>o M{n), •-y) and the coproduct fltop given by: 

n 
i=0 

where ei,n-i is considered as a (i,n — i)-shuffie for < i < n, is a shujfle 
bialgebra. 

Proof. For elements x G M(n) and y G M{m), a shuffle 7 G Sh{n,m) and an 
integer < r < n + m, we have that: 

rii X Cri — ni,mi X im — tjji j ' W(l) ^ 7(2) 

for ni ~ |7^"'^({1, . . . , r}) fl {1, . . . , n}\ and mi = r — rii. 
If (5 = 1„ and T = l„i,thcn by formula (*) we get that: 

(ini ^ ^mi,n— ni ^ Im — mi) ' 7 

(ini ^ *^mi.n — Til ^ Im — mi) ' (ffii ^ f^n— ni.mi ^ Im — mi) " (T(1) ^ '^(2) ^ — 

W(i) X 7(2) ) • 

which implies the first statement. 

Suppose that S = e„j(„_„j) and r = e„j(„_™j). We have that er(n+m-r) = 

(Ini £mi(n — ni) ^ Im — mi) ' (Cni(n— ni) ^ £mi(m — mi)) ' (In— ni ^ £rii(m — mi) ^ Imi)- 

Moreover, if 7 = (l„-„i x e„i,m_m, x 1„J ■ (7[\|"'"'' x 7^2)): then 

^ / 7i+m— r ^ r \ f r ^ n+m— r\ 

fcr,ri+m-r ' 1,7(1) ^ '(2)'' ~ W(2) ^ 7(i) J " ^n+m-r,r- 

So, the formula (*) implies that {x "-y y)(J-)"^™ = x'^J^'"^"^ ''^(2) j/^^^'"""^ and 
{x 2/)(2)"''^"'~'^ = 2;(2|'" •^n+m-r y^^^'"""""^ . Wc may conclude that: 

f^top(a; y) = ^ {x y)(2)"^'""' » (x y)(^)"+'""" = 

n+m 

X! ^(2)''" •7"+'"-'- 2^(2)''" (^x^^^''^ •t-.^^ y(i7"'" '"S 

which ends the proof. <^ 

e) The bialgebra of parking functions, (see [28]) Given a function / e JT^^, 
there exist a unique non-decreasing function G JT^', and a unique permutation 
(7 G Sh{n) such that 

/ = • fT, 

where Ui := |/^^(fcj)l foi' I^if) — {^i < ■ ■ ■ < kr}. 

In [55], J.-C. Novell! and J.-Y. Thibon define a graded map 
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Park{f)U) 



Park : IJ^yi — > Un>i PPn- We give a different description of Park, but it is 
easy to clieck tliat it coincides witfi the one defined in [55] . 

Let 6 Tn be a non-decreasing function, tfie parking function Park{f^) is defined 
as follows: 

{1, for j = 1, 

Mm{Park{f)ij - 1)) + f (j) - f {j - 1), j}, for j > 1. 

For f = ■ cr, define: 

Park(f) ■= Park{f) - a. 

3.5.5. Remark. 

(1) Let / G PFn be a parking function. It is easy to check that: 

(a) fii) = f{j) if, and only if Park{f){i) = Park{f){j). 

(b) /(^) < fU) if, and only if Park{f){i) < Park{f){j) 
for 1 < j, J < n. 

(2) Let f,g he a pair of parking functions , 

Park{f X g) = Park{f) x Park{g). 

(3) If / G PFn is a parking function and 7 G 5,i is a permutation, then 

Park{f ■ 7) = Park{f) ■ 7. 
Let PQSym = ^/'i^a be the graded space of all parking functions. The coproduct 

ri>l 

on PQSym is defined as follows (see [28]). 
For / G PF„ and < r < n, 

71 

ApQSyM ■■= E P^^Kfi) ® Parkirr^), 
for /f := (/(I), . . . , /(r)) and /^"--^ := (/(r + 1), . . . , /(n)). 

3.5.6. Proposition. The shuffle algebra (PQSym, equipped with the coproduct 
ApQSyrn is a shuffle hialgebra. 

Proof. Let / G PFn, g G PF^ be parking functions, and let 7 be a fn,?Ttj-shufHe. 
For < r < n, we want to check that: 

Park{{f g)l) ® Park{{f 5)2+™"'^) - 

[Parkif^-) . . Far%r^)) ® {Park{fl^---) . Par^™""^)), 

where 7 = (l„i x e„ij^„_„j x ljn-mi)-{Y[i-^ ^7(2)^™ is the decomposition described 
in Remark 12.41 

Computing {f x g) ■ (i„, x emim-m x Im-mi), we get that: 

(/•7 5)! = (/r x^n^i -"!])• Tfi) 

and 

(/ '7 .9)2"'' = (/2"""^ X .92""'"H"l]) • 7^2^"^ 

where /"^ x .g" ^|n- ni] = (/(I), . . . , /(ni), .g(l) + n, . . . , ^(toi) + n). 
By the Remark 13.5.51 we get that 

Parkdf g)l) = Parkif^^) .^.^^ Park{g^^)), 

Parkiif g)-+"'-n = Park{f--''') /^ar^^"-™^). 
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which ends the proof. 



4. Primitive elements of shuffle bialgebras 

In this section we use the notations and definitions given in the prehminaries 
about coalgebras. 

We recah some results proved in |24j that we need to study primitive elements in 
shuffle algebras. 

Following [21], let {H,-,A) be a triple such that {H,A) is a connected coas- 
sociative coalgebra and {H, •) is an associative algebra. Define the i^T-linear map 
e £ EndxiH) as follows: 

e(x) := 

a; - ^ a;(i) • a;(2) H + (-1)''^^ X! ^(1) ■ ^(2) ^ir) H = 

^(-ir+i.'- oA'-(x), 

r>l 

where A'"(x) = J2 ^(i) ® X(^2) ® ■ ■ ■ <S) X(^r)- 

4.1. Proposition, (see Proposition 2.5 of f24'J Any connected infinitesimal bialge- 
hra {H, •, A) verifies that: 

(1) the image of e is Prim(_ff), 

(2) the restriction e |prim(H)= IdpiimiH), md 

(3) e(x • y) = for all x,y € Ker{e). 

(4) any element x of Ker(e) verifies that 

X = e{x) + ^ e(a;(i)) • e{x(2)) H h ^ e(x(i)) e(x(„)) + . . . , 

where A"{x) — ^ X(^i) (X> • • • ® X(„) . 

4.2. Theorem, ('see Theorem 2.6 of [24 ) Any connected infinitesimal bialgebra H 
is isomorphic to (r(Prim(_ff)) :— (^^^^j^ Prim(i7)®", t/, A), where v is the concate- 
nation product and A is the deconcatenation coproduct. 

This section is devoted to compute the subspace of primitive elements of a shuffle 
bialgebra, and describe it as an algebra for certain type of algebraic structure. 

Let {A, 9^) be a shuffle algebra over K. For any pair of positive integers, the 
permutations In+m and e„m := (n + 1, . . . , m + n, 1, . . . , n) belong to Sh{n, m). 
Given elements x G An and y G Am, we shall keep the notations x y for the 
element x»i^^^^ y, and ytopX for the element a;»e^^ y, in order to simplify notation. 
Recall that both operations are associative. 

The binary operation { — , — } : A® A — > A is given by the formula: 
{x, y} := X utop y -x»oy, for x,y e A. 
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Wc want to prove that the subspace of primitive elements of a shuffle bialgebra 
is closed under the operations {— , — } and •j, for 7 e Sh{n, m) \ {In+m, Cnm}, with 
n,m> 1. 

4.3. Proposition. Let {A = ^^^„,»^,A) be a shuffle bialgebra. If the homoge- 

n>l 

neous elements x & An and y e Am belong to Prim(A), then x •-y y and {x,y} 
belong to Prim(^), for any 7 e Sh{n, m) \ {l„+m, Cnm}- 

Proof. Note that: 

A(a; •top y)=x®y = A(a; #0 y), for x,y & Prim(A), 
which implies that A{{x,y}) = 0, whenever x,y £ Prim(A). 
For any permutation 7 e Sh{n, m) \ the coproduct verifies that: 

A(a; y) = '^r^^ {x^2) ^(2))), 

r 

where 7 = (7^^^ x j"^"^'"') ■ (l„i x e(^n-m)rm x Im-mi. 

Since ® 2^(2) = and E 2/(2) = 0, we get that (x(i) -^-^^ y(i)) (8> 

(a;(2) • n+m-r 2/(2)) if, and only if, r = ni = n and therefore 7 = In+m, or r = mi = 

7(2) 

m and therefore 7 = e„m. 

But 7 ^ {l„+m, enm}, SO A(a; y) = 0. <> 

In order to get a nice expression for the elements of the subspace of primitive 
elements of a shuffle bialgebra, let us introduce (q + f )-ary operations B'^. 

4.4. Definition. Let {A,*j) be a shuffle algebra over K. For n > 1, let a; G An, 

yi € Ami,..., Vq € be elements of A, and let 7 e Sh{n,m) be such that 

9 

7~^(1) < 7~^(n+mi) and 7~^(n+TOiH \-mq-i)+l < 7~^(n), where m = ^rrij. 

'i=i 

The {q + l)-ary operation B'^ : — > A is defined by the following formula: 
B^{x;yi,.--,yq) := {yi "0 2/2 '0 • • • '0 Vq)- 

Note that, in the case n = 1, the conditions on 7 imply that 7 ^ {In+m, enm}- 
So, Bj{x, y) is simply x "-y y. 

4.5. Remark. Let .t G j4„, y e A^, yi G A„i. for 1 < i < and z G A^. 

(1) For q = 1 the following equalities are immediate to check: 

Bi{x;y,z), for ci = 1^+^ 

B{{x; B^{y; z)), for a ^ {Im+r , w} 

Bf{x; {z, y}) + B^{x; z, y), for a = emr, 

where (r x 1^) ■ j = S ■ (1„ x a) ■ S. 

(2) Given a permutation r G Sh{n,m) such that r~^(l) < r~^(n + rni) and 
T~^{n + mi H + m„_i) + 1 < T~^(n), we get that: 

Bl{x;yi,...,yq) = Bgl^{B^^ {x;yiy,y2, . . . ,yq) = 

Bl"-' {Bl"-' (. . . {x; yi);...); Vq-i); Vq), 



Bj{Bl{x;y);z) = { 



SHUFFLE BIALGEBRAS 



23 



for r = (di X l77i2+...+mJ • Ti and t,- = (ctj+i x l„i^._|_^+...+m J • Tj+i, where 

1 < j < g - 2. 

(3) Let a G 5/1(77., toi + • • • + m^), cr 7^ In+miH hmri then there exists integers 

0<j<A: + l<r + l such that: 

a~^{Ti + mi + ■ • • + mj_i) + 1 < (T^"'"(1) < (7""'"(r;, + rTii • • ■ + m.j) 
a^^{n + mi + ■ ■ ■ + nik-i + 1) < a^^ {n)a^^ {n + mi + ■ ■ ■ + nik + 1). 

If j = fc + 1, then a = e„(rni+.--+mj_i) x lmj+.. ■+»«,,• In this case, 

X 'a {yi "0 • ■ ■ '0 Vr) = 

fc 

^ yi 'O • • • 'O Vi-l '0 {{Vi; X} 'a, iVi+l "0 • • • '0 Vk)) "O Vk+l -O • • • 'O Vr, 
i=l 

where cr,; x en{ra,+i+--+mk), for 1 < i < fc. 

If j < fc, then 

~ (£n(miH hmj-l) ^ ImjH hm^) ' (ImiH hirij-i X (T X hm^)) 

where a G 5/1(71; ttij + • • • + mfc). The permutation 

"'i (Imi X ^n(mi+iH hnij-l) ^ linjH hmi-) ' (ImiH hm, ^ CTj 

belongs to Sh{n, rrii + • • • + mk) for 1 < i < j , and we have that: 

X 'a {yi "0 • ■ ■ '0 Vr) = 

i-i 

X^yi '0 ■ ■ • "0 '0 Sfeij({y<;a;};yj+i, . . . ,?;fc) "o 2/fe+i "o ■ • ■ 'o yr+ 

yi "0 • • • '0 yj-i '0 yfc) "o Vk^i "o • • • "o Vr- 



Point (2) of Remark 14.51 states that given primitive elements x,yi, . . . ,yq in a 
shuffle bialgebra A, the element B'^{x; 7/1, ... , yq) is primitive too. 



The following Proposition describes the relationships between the operations -B^ 
and { — , —}. 

4.6. Proposition. Let x G An,y G Am, Zi G Aj.^ for 1 < i < q and w ^ As be 

elements of a shuffle algebra A. The operations B'^ and { — , — } defined above verify 
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the following equalities: 

(1) {x, {y, w}} = {{x, y}, w} + bI-""'- {{x, w}; y) - i?J™"Xi' [y- {x, w}). 

(2) {x- Bliy- w)} = Bjiy; {x, w}) + Bj{{x, y}; w), 
where 7 := (£„„ x l^) • (1„ x 7) and 7 = 1„ x 7. 

(3) {Bjix; y),w} = «;}; y) + Bj^'^ (x; {y, «;}), 
where 7 := (1„ x e^n) ■ (7 x Is)- 

(4) Let 7 e 5'/i(rt + m,r)\ {In+m+r, e(„+m)r}, and t e 5'/i(7i, m) \ e„„i}, 
be permutations such that (t x 1^) • 7 = (!„ x a) ■ S, 

with S e Sh{n, m + r) and cr G Sh{m, r), where r := r^. 

a) If (7 = Im+r, then 

B^{Bl{x; y);zi,...,Zq) = S^+i(a;; y, zi, . . . , z,). 

b) If (T 7^ Im+r, then there exist integers < j < 5 and 1 < k < q, defined in the same way 
that in point (4) of Remark |^.5[ and we get that : i) For j = k + 1, 
B^{Bl{x;y);zi,...,Zq) = 

fe 

^Bg_^^i{x;zi, . . . , z,^i, Bl]^^{{zi,y}; Zi+i, . . .,Zk),Zk+i, . . ■ , Zg)+ 
1=1 

-B^+i(a;;zi,. . .,Zk,y,Zk+i, ■ ■ ■,Zq),l 

where (T; :— 1.^ x e(,-.^i^ i-rfc)m- for 1 < i < fc. 

ii) For j < k, 
B^{Bl{x;y);zi, ...,Zq) = 

^ Bq_k+^{x; Zl, . . . , Zi_l, y}, Z^+l, . . . , Zk), Zk+l, Zm) + 

i=l 

Bq_k+j{x; zi,..., Zj_i,Bllj{y; Zj,..., Zk),Zk+i, z^), 
where ctj is the permutation defined in Point (4) of Remark |^ .51 for 1 < i < j. 



Proof. First, note that if 7 ^ {In+m+r, e(n+m)r} and t ^ {l„+m,enm}, then 5 ^ 

{In+m+ri Cn(m+r)}- 

Points (1), (2) and (3) are easily verified, while point (4) is a straightforward 
consequence of Remark 14.51 (} 



4.7. Definition. A Primgh algebra is a graded vector space V equipped with oper- 
ations B'^ : Vn ® Vm — > V, for 7 e Sh{n, m) \ {!„_!_„, e„m}, and a binary operation 
{ — , — } which verify the following relations: 

(1) {x, {y, w}} = {{x, y}, u;} - S^" ({a;, «;}; y) + (y; {x, zi;}); 

(2) {x- B-'iy; w)} = B-'iy- {x, w}) + y}; u;), 
where 7 := (e„i„ x 1^) • (1„ x 7) and 7 = 1„ x 7; 
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(3) {B''{x;y),w} ^ Bmx;w};y) + Brx^^{x;{y,w}), 
where 7 := (!„ x esn) ■ (7 x Is)/ 

(4) B'^{B^{x;y);w) = B^ {x- B" [y-w)), whenever (J x 1^) • 7 = (1„ x ct) • r, 

for a; £ A„, y £ A„i and w ^ Ag. 

Proposition l4.6l states that there exists a functor from the category Sh-alg of shuffle 
algebras to the category of Vrinish algebras. Given a shuffle bialgebra A, the 
subspace of primitive elements Prim(j4) is a Vrimsh subalgebra of A. 

Let (A, •^jA) be a shuffle bialgebra, recall that (^+,»o, A+) is a unital infini- 
tesimal bialgebra. 

Given a positively graded set X, we use Proposition l4.1l and Thcorem l4.2l to describe 
the free shuffle algebra K\Pryo,X] in terms of its primitive elements. We look at 
the i4:-linear map e : K[Voo,X]+ — > Prim(A'[Poo, ^])- 
For any x G X„, the map e(^„, x) — 

{in;x) - ^(Cni,n2;a;(i),a;(2)) H V (-1)'^+^ ^{£.m,...,nr.\X[i),. . . + . . . , 

gives a bijection between X and the subspace e{X) of Prim(Jsr[7'oo, -'^l)- In order 
to simplify notation, we denote by x the image under e of the element {£^n]x). 

Let VrinishiX) be the subspace of KlVocX] spanned by the set e{X) with the 
operations B'^ and {— , — } , and let VrinishiX)*"" be the space spanned by all the 
elements of the form zi Z2 ■ ■ ■ 'o Zn, with each Zj £ VrirrishiX), for I < j < n. 
Note that Proposition l4. 61 implies that any homogeneous element in VrimshiX) is 
a sum of elements of type B'^{x; yi, . . . , yq), with x = {. . . {xi, X2}, X3}, . . . }, a^n}, 
for xi, . . . ,Xn e X, yi, . . . ,yq e Vrimsh{X), g > 0, n > 1 and \ x \ + Y, \ Uj \= n. 

4.8. Proposition. Lei X be a positively graded set, equipped with a coassociative 
graded coproduct O on K[X]. Any element z in KlVoc, X] may be written as a sum 
^ = Y.k *o Z2 '0 ■ ■ ■ 'o Zrk' £ VrimshiX). 

Proof. Clearly, if a; G then x = e{£^i,x) G Vrimsh{X). If a; G Xn, for n > 2, 
then 

with X and a;(2) in e{X) C Vrimsh{X). By a recursive argument 

(Cni;2^(l)) = '0^2 '0 • • • '0 yj?,, 

fc 

with yf G X^fc , for 1 < ; < Tfe . 

So, any element of the form {£,n]x) belongs to ^^VrimshiX)*"" . 

n>l 

Since {K\Poo,X],»^) is the free shuffle algebra spanned by all the elements 
{^n',x), with X G Xn, one has that any homogeneous element y G K\P 00, X]n may 
be written in a unique way as y = ! •7; '^^^^ ^' ' J/;' ^ K\Poo, X] 

such that 1 2/; I < n and 7z G Sh{ni, n — ni). 
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We have proved yet that 



I 

SO, we only need to check that an element 

y = X (zi "0 2:2 "0 • • • "0 Zq), 

with X G Xn and Zi £ Vrimsh{X), belongs to (Bn>i'Primsh{X)'°" . 
If 7 = l|j^|, then y — X •() zi • ■ ■ Zq, with x and Zj S VrinishiX). 

If 7 ^ l|j^|, then there exist 1 < J < <z + 1 and I < k < q such that 

7(n + ri + • • ■ + Tj^i) < 7(1) — 1 < 7(n + ri + ■ ■ ■ + Vj) 

7(n + ri + • • ■ + rfc_i + 1) < 7(n) < 7(71 + ri + • • • + + 1), 

where \zi\ — ri. 

If J = fc + 1, then 7 = e„(ri-| i-rfc) X Ir^+iH E^nd we have that: 

y = CC (Zl #0 ■ • • -O Zq) = Bl'^j^iizi^x}; Z2, . ■ ■ ,Zk) "O Zk+l "o • • • "O Zq + 

z\ 'o ^fci2({^2, a;}; 23, ■ • • , -Zfe) 'o -Zfc+i 'o ■ • • 'o H 1- 

zi #0 • • • "0 Zfc_3 #0 B7''"'({zfc--i,2:}; Zfc) #0 Zfe+i "o • • • "o 2^9+ 
zi #0 • • • -o Zfc_i -o {zfc, a;} #0 Zfe+i "o • • • 'o 2,+ 

Zi • • • "O Zfe •o X Zfc_|_i •q • • • #0 Zq, 

where 7^ = 1^^ x e„(r^_^^+...+^^). 
If j < fc, then 

y = X (zi #0 • ■ • -o Zq) = B^^^({zi,a;}; Z2, . . . , z^) #0 Zfe+i "o • ■ • -o ^9+ 
2^1 'o S^!.2({^2,a:}; Z3, . . . ,Zfc) •o Zfc+i "o • • • -o H V 

Zi •o • • • 2j_2 "0 Zj, . . . ,Zfe) #0 z^+i "o ■ • • "o Zg + 

zi •o • • • "o z^^x •o B^Lj+iix; Zj, . . . ,Zk) 'o Zk+i 'o " ■ ■ 'o Zq, 
where the permutations 7^ are defined in Proposition [321 

Let X be a set, we denote by 

{X}o {{{{{xi, X2}, X3}, ...}, Xn} : Xi e X, 1 <i <n and n > 1} 
which is a subset of the free Vrinish algebra spanned by X. Let {X} — \^ {X}n 

n>0 

be the set defined recursively as follows: 

{X}, := {X}o\J{Bj{x;y)J x,y G {X}o}, 

{Xh {^}i \J{Bj{x; y)J xe {X}o and y G (J 

{B]{x;yi,y2)J X G {X}q and G {X}i, for j = 1,2}, 

{X}„:={X}„_iU 

( U {■^m(^;yi' ■ ■ -^yrn),/ X G {X}o and yj G {X}„_i, for 1 < j < m}). 

m>l 

Note that {-'^In ^ {X}„+i, and that Proposition 14.61 and the Remark 14.51 imply 
that the free Vrinish algebra over X is the vector space spanned by {X}. 
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4.9. Proposition. Let X he a positively graded set. The subspace Vrimsh{X) is 
the subspace of primitive elements of K\Poc, X]. Moreover, it is the free Vrirrish 
algebra spanned by X . 



Proof. Note first that it suffices to prove the resuh for the case where X = |^ X„ 

n>l 

with Xn finite, for aU rt > 1. For the general case, X is a limit of graded sets which 
verify this condition, and the result follows. 



Proposition 14.31 states that VrirrishiX) C Prim{K[Poo, X]), while Proposition 
implies that K[Poo,X] = T{Vrimsh{X)) as a vector space. From Theorem 14.21 one 
has that K[Voo,X] = T(Prim(X[Poo, ^])), so VrimshiX) = Vx\Wi[K\Poo,X\). 

For the second assertion note that, since K\PoaTX\ is the free associative alge- 
bra over the set Irr-p^x — \displaystyle[J^yj^Irr-p^ ^ of irreducible elements of Voo 
coloured with elements of X, the previous assertion states that VrirrishiX) is lin- 
early spanned by the set Irr-p x- From Proposition 14.61 we know that VrirrishiX) 
is a Vrirrish algebra which contains e{X). To see that it is free, it suffices to de- 
fine a bijective map (3 : Irr-p x — > {X}^ where {X} is the set defined above. On 
X C /rp,x, 

(3 coincides with the identity map. Let y — (^„, x) •y yi € Irr-p x, with x G Xn and 
n > 1. We define P{y) as follows: 

If yi e Irr-p^x and 7 ^ e„mi, then /3(y) := Bj{x; P{yi)). 
If yi e Irr-p^x and 7 = enmi , then 



f{/3_(yi),4, for/3(2/i) G {X}o, 

\Bq{{w,x};zi,...,Zq), for/3(j/i) ^ B^{w; zi, . . . , Zg), 



where \yi\ — mi, w G {-'^}oj l""^! = s, Zj G {X} for 1 < j < q, J2j \zj\ — '<' and 
T := (r X 1„) • {Is X e„r). 

Suppose that yi — ti ■ ■ ■ tp, with ti G Irr-p x and p > 1. The fact that y is 
irreducible, implies that 7(71 + hi + ■ ■ ■ + hp^i + 1) < "f{n), for \ti\ = hi. 
If 7(1) <7(n + /ii), then -.^ B^ix; f3{ti), . . . , l3{tp)). 

If 7(n + hi) < 7(1) - 1, then 



B;_,{mti),x}; P{t2), . . .,f3{tp)), for G {X}o 



^Bq+p^ii{w, x}; zi,..., Zg, (3{t2), f3{tp)), for P{ti) = zi, . . . , Zq), 

where 7 = 7- (e/nn x Ih^+.-.+h^) and t := 7 ■ (1„ x t x • (e^^ x Ih-s), 

p 

where h := ^^/li- 



It is not difficult to check that (3 is bijective, which implies that Vrimsh{X) is 
isomorphic to the free Vrimsh algebra spanned hy X <C> 



The following result is a straightforward consequence of Theorem 14.21 and the 
previous results. 
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4.10. Proposition. Let X be a positively graded set, such that K[X] is equipped with 
a coassociative graded coproduct O. The unital infinitesimal bialgebra K\Poo, X]^ 
is isomorphic to T^'^{Vrimsh{X)) , where Vrimsh{X) is the free Vrirrigh algebra 
spanned by X . 

We want to prove the equivalence between the categories of connected shuffle bial- 
gebras and Vrimsh algebras. More precisely, given a VrirUsh algebra {V, B'' , [—,—]) 
and an homogeneous basis X of the underlying vector space V , let UshiV) be the 
shuffle bialgebra obtained by taking the quotient of the free shuffle algebra K[P, X] 
by the ideal (as a shuffle algebra) spanned by the set: 

{B'^(x;y) -W{x;y), {x, z} - [x, z]}, 

with X G Xn, y G Xm, z G X,. and 7 G Sh{n,m) such that 7(1) < 7(71 + mi) and 
"f(n + mi + • • • + TOn-i + 1) < 7(?^), where B'^ and {— , — } denote the operations 
associated to the shuffle algebra K[Voo, X]. 

4.11. Theorem, a) Let (i/, o^,A) be a connected shuffle bialgebra, then H is iso- 
morphic to UshiPnm^H)), where Prini(i?) is the Vrimsh algebra of primitive ele- 
ments of H . 

b) Let (V, _bJj, { — , — }) be a Vrimsh algebra, then V is isomorphic to PYim{Ush(V)) ■ 

Proof, a) Let X be a basis of the vector space Prim(iJ). Define cp : Sh{X) — > H 
as follows: 

)))) ^1 °7l (^2 o ))), 

where xi ^ X for 1 < i < n. Note that ip{B''{x;y)) — ip{x^y) — x y — 'B^[x;y), 
and ip{{x,y}) = (p{x»topy — x •oy) — [x;y], so factorizes through Z/^5/i(Prini(iJ)). 
Moreover, it is immediate to check that 1^ is a bialgebra homomorphism. Applying 
Theorem 14.21 the inverse morphism is given by 

(p~^{x) = cl{e{x)) + ^ d(x(i) X2)) H h ^ cl{xi "o • ■ ■ "o Xn), 

where cl denotes the class of the element in Ush{V) 

b) It is clear that V C Y'ri-m{Ush{V)). If X is a basis of V, then Proposition 14. 101 
implies that Vrmi{Sh{X)) = Vrimsh{X). So, the primitive elements oiUsh{V) are 
generated by X under the operations B'^ and { , } , which are precisely the elements 
of V in the quotient. 



5. Boundary map on the free shuffle bialgebra 

Let X be a positively graded set, and let O : K[X] — > K[X] K[X] be a 
coassociative graded coproduct on 

Given an element x ~ xi •y-^ {x2 •72 (• • • {xr-i'-^n^xxn))) in the free shuffle algebra 
Sh{X), with Xi € X for 1 < i < r, the weight of x is r. We denote the weight of 
an element x by w{x). Note that the elements of weight r in Sh{X) correspond to 
the elements of the subspace ^^K\P^ -^]. 

n>l 

Define the linear map Oq : Sh{X) — > Sh{X) as the unique linear homomorphism 
such that: 
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(1) For xeXn, 

deix) := ^( {-l)"^sgn{a) X(^2)), 

where Q{x) = ^ (g) a;(2), and |a;(i-) | = ni. 

(2) For a;, y e Sh{X), with w(a;) = r, 

de{x y) := 9e(a;) "7 y - 9e(y). 
Note that deiVlx) C T'^^.^ 

5.1. Lemma. The homomorphism Oq is a boundary map, that is Oq = d^odQ = 0. 
Proof. Let x e X„, we have that: 
dUx) = 

0<ni<n ^eSh(ni+n2,7i-ni-n2) 
0<»i2<n-ni ,TeSfe(ni,»i2) 

( E (-l)'"^+"^+'sgn(5)sgn(r)x(i) .5 (x(2) X(3))), 

4eSh(Tll, 71-711) 
tG5?i(712:7^-7^1-712) 

where Q'^{x) = ^ (g) X(2) (8) a;(3) with | |= rii for i = 1,2. So, 

ni+n2+n3=" a6S/i(T! i ,ri2 ,Ti3) 

(^(-l)"2+\s5n((5)s5n(T)a;(i) (a;(2) a;(3)))) 

E ( E E^5n(«)((-ir+(-ir+^)(x(i).,x(2)).7X(3))) = o, 

ni+n2+n3=" aeS/i(ni ,n2 .ris) 

where a = (it x Ins) ' 1 ^ (Ini ^ ''") ' '^i for a G Sh{ni, n2, n^) and | = n^. 

Suppose that x — y-yZ, with y £ X and z G -R'['P,'J_i x]- Applying the definition 
of Oq and a recursive argument, we have that: 

Oq^x) = deideiy) •^z- (-l)^y 5e(2;)) = 
(_l)»(Oefo))a^(y) a^(^) _ (-i)iae(y) .7 5e(z) = 0. ^ 



In the case that X — {fri}n>i, we have that Sh{X) = K[Poo]- If we consider the 
coassociative coproduct Q on K[X] given by: 



0(fn) :=E^»®^«-*' 

1=1 

then the boundary map Oq coincides with the boundary map of the permutahedron 
(see Hi]). 
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6. Relations with dendriform and 2-associative algebras 

In the previous sections we have defined functors: 

(1) Hj^^j g^ from the category of graded unital infinitesimal bialgebras to the 
category of shuffle bialgebras, 

(2) two functors from the category of shuffle algebras into the category of as- 
sociative algebras, in such a way that the restrictions of both functors to 
the category of shuffle bialgebras, Hq and Hl, have their images contained 
in the subcategory of unital infinitesimal bialgebras, 

(3) from the category of shuffle algebras to the category of associative algebras, 
in such a way that the image under this functor of a shuffle bialgebra gives 
an associative bialgebra. We denote the restriction of this functor to the 
category of shuffle bialgebras by Hg^_^^. 

In [1], M. Aguiar constructs functors relating infinitesimal bialgebras (see [18] ) 
to dendriform algebras (see |21j) and brace algebras (see [TH] and [TD]). We want 
to include shuffie bialgebras in his framework. 

6.1. Definition. A dendriform algebra over K is a vector space D equipped with 
two bilinear maps ^, ^: D ® D — > D which verify the following relations: 

(1) X [y ^ z) = {x > y + X < y) > z, 

(2) x> {y z) = {x> y) < z, 

(3) X ^ {y >- z + y ^ z) ^ {x < y) ^ z, 

for x,y, z £ D. 

Note that any dendriform algebra D has a natural structure of associative algebra 
with the product *, defined by: x*y = x'^y + x~<y. 

For nonnegative integers n,m, let Sh^{n,m) and Sh^{n,m) be the following 
subsets of Sh{n,m): 

a) ShT {n, m) := {a S Sh{n, m) \ <7{n + m) = n + m}, 

b) Sh'^{n,m) :— {a G Sh{n,m) \ a{n + rri) = n}. 

It is immediate to check that Sh{n,m) is the disjoint union of \mboxSh^ {n,m) 
and Sh'^{n, m). 

Let {A, be a shuffle algebra. Define on A the operations >- and ~< as follows: 

(1) X yy := ^ a; y, 

j^Sh^ (n,m) 

(2) X -< y := ^ x»j y, 

7€*5'/i^ (n,m) 

for X g An and y e Am- Note that the associative product * defined in Lemma [2?fl 
is the sum of >~ and ^. 

6.2. Lemma. Let (A, be a shuffle algebra, then (A, ~<) is a dendriform bial- 
gebra. Moreover, if (A, A) is a shuffie bialgebra, then y, ~< and A verify the 
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following equalities: 



A{x yy) = ^{x(i) * y(i)) (a;(2) y y(2)) + ^^(1) ® (2^(2) ^ y)+ 
2/(1) «) (a; ^ 2/(2)) + * y(i)) (g) y(2) + a; (g) y, 

^(2; ^ 2/) = 51(^(1) * ^(1)) ® (^(2) ^ 2/(2)) + 51 y(i) ® -< 2/(2))+ 
* y(i)) (g) y(2) + ^ a;(i) ® {xi^2) ^y) + y<S)x, 



for all x,y € A. 

Proof. To prove that {A, ^) is a dendriform algebra, it suffices to note that the 
equahty: 

(1„ X Sh{m, r)) ■ Sh{n, m + r) = {Sh(n, m) x 1^) ■ Sh{n + m, r), 

is the sum of the following three equalities: 

(1„ X Sh^{m, r)) ■ Sh^{n, m + r) = {Sh{n, m) x 1^) ■ Sh^ {n + m, r) 
{In X Sh'^[m,r)) ■ Sh^{n,m + r) = {Sh^{n,m) x 1^) • Sh'^{n + m,r), 
{In X Sh{m,r)) ■ Sh'^{n,m + r) = {SK^{n,m) x 1^) • SK^{n + m,r). 

On the other hand given 1 < r < n + m, if 7 = (l„j x en-m.mi x l„i-mi) • 
(7(1) ^ ^ Sh{n,m) is the decomposition given in Remark 12.41 with 7^'^^^ £ 

Sh{ni,mi), 7(2^™ G Sh{n — ni,m — rrii) and r = rii + mi, then it is easy to 
prove that 7 S Sh^{n, m) if, and only if 7^j^™ G Sh^{n ~ ri, m + ri — r), which 
implies the formulas for the coproduct. <^ 

The Lemma above states that any shuffle bialgebra has a natural structure of 
dendriform bialgebra, as defined in [5^ . 

6.3. Definition, (see (231) Let X be a if-vector space equipped with two associative 
products * and •, and a coassociative coproduct A, such that: 

(1) {X, *, A) is a bialgebra over K, 

(2) {X, •, A) is an infinitesimal unital bialgebra. 

Then {X, *, •, A) is called a 2-associative bialgebra. 

The following statement is a consequence of Corollarv l3.4l 

If {A, •^j A) is a shuffle bialgebra, then A^ = K Q) A with the products: 




for y = Ik, 
for X ~ Ik, 
y, for X e An, y ^ A, 



and 




for y = Ik, 
for X = Ik, 



-m , 



is a 2-associative bialgebra. 



In previous work, we prove that: 
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(1) The subspace of primitive elements of a dendriform bialgebra has natural 
structure of brace algebra. Moreover, there exists an equivalence between 
the category of connected dendriform bialgebras and the category of brace 
algebras (see [32]). 

(2) The subspace of primitive elements of a 2-associative bialgebra has a nat- 
ural structure of non-differential Boo algebra (see [24]). As in the previous 
case, the category of connected 2-associative bialgebras is equivalent to the 
category of non-differential Boo algebras. 

A non-differential Boo algebra S is a -ftT-vector space equipped with linear maps 
Bn,m ■■ — > B, verifying certain relations (see [M])- 

In particular, any brace algebra (i3,Mi_„) is a non-differential Boo algebra such 
that Bi^rn. = Afi.m, for m > 1, and i?„,m = 0, for n ^ 1. 

The previous results show that the associative bialgebra associated to any shuffle 
bialgebra has structures of both dendriform bialgebra and 2-associative bialgebra. 
The subspace of primitive elements of a shuffle bialgebra is a brace algebra, as well as 
a non-differential Boo algebra. However, these structures are not always isomorphic 
as non-differential Boo algebras, even if they give the same associative bialgebra 
structure. For instance, using the formulas given in [24], the subspace of primitive 
elements of the Malvenuto-Reutenauer Hopf algebra [5oo] has a structure of non- 
differential Boo algebra which is not isomorphic to the brace algebra structure given 
in [32]. 



7. Preshuffle and grafting bialgebras 

We introduce the notions of preshuffle algebras, related to leveled trees, and of 
a particular type of preshuffle algebras called grafting algebras, related to trees. 
Shuffle algebras are related to monoids in the category (§-Mod, (§5), where we do 
no ask for a compatibility relation between the operations and the action of the 
symmetric group. In a similar way, grafting algebras are related to non-symmetric 
operads (see Ma) ; a grafting algebra structure on A = A„ is equivalent to a 
non-symmetric operad P with P(n) = An-i. 

7.1. Definition. (1) A preshuffle algebra over K \s a. graded vector space 
A = ^^An equipped with linear maps 

r!>0 

•i : A® A„i A, for < i < m and m > 0, 

verifying: 

[x Ui y) Uj z — X Ui+j {y •j z), for Q <i <\y\ and < j < \z\. 

(2) A graft,ing algebra is a preshuffle algebra (A, •i) such that the operations 
verify the following additional conditions: 

X {y z) = y {x z), for 0<i <j, 

for any elements x,y, z d A. 

The relations verified by a preshuffle algebra may be pictured as follows: 
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For non-negative integers n, m and < i < m, let w"'"' be the permutation 
oj"'™ := e„^i X Irn-i e Sh{n,m). 
It is immediate to see that the following equality holds: 

m,r\ n,m+r / n.m -, \ n+m,r 
(In >^^j = K-j X Ir) -i^j • ■ 

Moreover, note that the clement cj^^™ = e„_m 

Note that, since the permutation w"'™ belongs to Sh{n,'m), for < i < m, any 
shuffle algebra is a preshuffle algebra, with the operations 

X y :— X •(^'»'"» y, for x G v4„, y G v4„i and < i < m. 

7.2. Definition. (1) Let (A, be a positively graded preshuffle algebra, such that 
A is equipped with a graded coassociative coproduct A. We say that {A, b^. A) is 
a preshuffle bialgebra if it verifies: 

(1) A(a; #0 y) = ® (^(2) "o y) + a; «) y + ^(x » y(2)- 

(2) A(x ?/) = ^ y(i) ® (a;»»-|y(i,| J/(2))+ 

y(i)l<* 

X! (2^(1) 2/(1)) ® (2^(2) "0 y(2)) + X! (^•*y(l))®y(2)> 

for 1 < i < \y\. 

(3) A(2;.|j,| y) = ^2/(i) ® y(2)) + y «) a; + ^(a;(i) .Ij^i y)(i)x^2). 

(2) A grafting bialgebra is a preshuffle bialgebra {A,»i,A) such that (A, •i) is a 
grafting algebra. 

It is immediate to check that any shuffle bialgebra is a preshuffle bialgebra. 



7.3. Examples, a) The free preshuffle algebra. Let ^ = [J be a pos- 

n>l 

itively graded set. Let K[Too,X] 0n>i -^''^[•^'i,-^]' where J^n,x is the set of 
pairs (/; xi, . . . , Xr) with / a map from {1, . . . , rt} to {1, . . . , r}, and Xi G X„. , for 
rii := The operations are defined, using the shuffle algebra structure of 

K[!Fca,X] defined in example b) of 12.21 as follows: 

{f;xi, ...,Xr)»i {g;yi, ...,yk)-= 

{{g{l)+r, g{i)+r, /(I), . . . , f{n),g{i+l)+r, g{m)+r); xi, . . . ,Xr,yi, ■ ■ ■ , yk)- 
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The subspaces K[Koo,X] := 0A'[/C„,x] and K[Voo,X] 0if[K,x] are 

ji>i ji>i 
closed under the operations "i, so they are sub-preshufhe algebras of K[lFoo, X]. 

7.3.1. Theorem. For any graded set X — the space K[lCoo,X] with the 

n>l 

operations •i described above is the free preshuffie algebra spanned by X . 

Proof. Any element of x G X„ is identified with the pair (^„; x). The result follows 
easily using that any element z in the free preshuffie algebra spanned by X is of 
the form x •i y, with x G X^ for some 1 < r and y an element of the free preshuffie 
algebra such that |y| < |z|. ^ 
Moreover, given a coassociative coproduct 8 : K[X] — > K[X] ® K[X], the 
coproduct Ae : K[Voo,X] — * K[r^,X] ® K[Voc,X], defined in Example c) of 
I3.5( restricts to K[lCao,X]. So, any free preshuffie algebra is a preshuffie bialgebra. 

Note that the free preshuffie algebra spanned by one element of degree one is 
just the space K[Soo] ■= ^^K[Sn], equipped with the products 

n>l 

(7 •i T {t{1) + n, . . . , T{i) + n, cr(l), . . . , a{n),T{i + 1) + n, . . . , T{m) + n), 

for cr e S'n, r G Sm and < i < m. Its associated Hopf algebra is the Malvenuto- 
Reutenauer bialgebra. 

b) Infinitesimal bialgebras Given a graded nonunital infinitesimal bialgebra 
(A, •, A), example b) of 13. 51 shows that there exists a natural way to define a shuffle 
bialgebra structure on A, where the coproduct is A and the operations are 
constructed using • and A. It is easy to see that the preshuffie algebra structure 
on A, given by = •j^" '" is in fact a grafting algebra. So, any graded nonunital 
infinitesimal bialgebra gives rise to a grafting bialgebra. 



c) Tiie algebra of planar trees. The graded vector space if [Too] spanned by 
the set of planar trees Too := [J^nj with the products Oj described in Definition 

n>l 

11.121 is a grafting algebra. Moreover, the subspace i4r[Foo], spanned by the set of 
planar binary trees, is a grafting subalgebra of K\Toc\- 

For any graded set X = (J X„, let Tn^x be the set of planar rooted trees with 

n>l 

n + 1 leaves and the internal vertices coloured by the elements of X, in such a way 
that a vertex with r + 1 inputs is coloured by an element x of Xr- The grafting 
structure of _ftr[Too] induces a grafting algebra structure on the space K\Tao^x\'T = 
^^K\Tn.x\ in an obvious way. 

n>l 

To describe the free grafting algebra spanned by a graded set X , we need the 
following result. Its proof is straightforward. 
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7.4. Lemma. Let A be a grafting algebra. Let xq, . . . ,Xq,y,z be elements of of A 
with \xi\ = Hi, \y\ — m and \z\ — r. For any family of integers < io < ■ ■ ■ < ir ^ r 
and Q < i < Uq we have that: 

Xo*,„{xi . . . ((y»ja;g)%z))) = (-l)"("°+-+"'-^)2/»j(a;o.,„(. . . 

where i ~ j + ^^^i; + iq^- 

1=0 



7.5. Theorem. For any graded set X , the vector space K[Tao,x], equipped with the 
linear maps Oj, for i > 0, is the free grafting algebra spanned by X . 

Proof. Let Graft{X) denote the free grafting algebra spanned by X. For any 
element x G X^, the tree with its vertex coloured by x is denoted by (cfe, x). Let 
l: X ^ K^Too^x] be the map which sends an element x G X^ to {ck,x). 

From the definition of grafting it is immediate to check that for any z in Graft{X)\X 
there exist elements zi, . . . , z,. in Graft{X) and x £ Xn such that: 

Z = Zi {Z2 (• ■ • [Zr x))) . 

Moreover the integer r, the elements zi,...,Zr and the collection ii,...,ir are 
unique. 

The homomorphism k : Graft{X) — > K[Toc,x] is defined by induction on the 
number of elements of X which appear in z, this number is denoted by o(z). If 
o{z) ~ 1, then k{z) := l(^z). \i z = z\ •i^ {z2 •i2 {■ ■ ■ {zr 'i,. x))), with r > 0, then 
o{zi) < o{z) for all 1 < i < r. Define 

(iO,...,r)o,(x), 

wheret^- = |"("^') ' = 

[\ if j i{ii,...,ir}. 

Lemma 17.41 implies that k is a homomorphism of grafting algebras. 

Conversely, since any planar rooted tree t with the vertices coloured with the 
elements of X , may be written in a unique way as (i*^, . . . , i") o (c„, x), with x G X„, 
the inverse of k is defined by the conditions: 

(1) K~^(c„,x) := X, 

(2) K-'^it) := (. . . {K-^it'" x))), where . . . are the trees 
in {t'^, . . . , i"} which are different from |. <^ 

7.6. Corollary. The free grafting algebra on one generator is {K[Yao],Oj_)^ while 
(K[Tac], °i) is the free grafting algebra on the graded set {c„}„>i, which has exactly 
one element of degree n: the tree c„, with n + 1 leaves and a unique vertex. 

On the graded vector space i4r[yoo]j spanned by all planar binary rooted trees, 
the coproduct Ap^ is defined as the unique counital coproduct such that: 

ApH{tVw) := «> (i2 V w) + t ® (I V w) + V |) ® w + ^(t V ® W(2). 

The vector space i4r[Foo], with the products Oj and Ap^ is a grafting bialgebra. 



36 



M. RONCO 



Let X = Xn be a graded set. If 8 is a graded coassociative coproduct on 

ri>l 

if [X], then there exists a coproduct Ag on K\Too^x\ given by: 
Ae(c„,a;):= ^ ( ^ (ci, a;(i)) ® (c„_i, X(2))), for a; G X„ and n > 1, 

l<i<Ti— 1 \x(^i)\=i 

A,((i°,...,r)o(c„,a;)) 

XI ( (t",..., i'|i))o(c„^.,x(i)) cg)(i|2), •••,*") o(c„-„,,a;(2)) + 

0<i<n |x(i)| = |tO| + - + |tj^,| 

^ . . . , f ) O (C„^ , X(t)) ® . . . , i") O (C„_„^. , X(2))) , 

l^(l)l=lt"l+---+l«'l 

where |a;(i)| = n^-, A(j(t*) = '8'i(2): and 6(a;) := ^^^^(i) ® a^(2)- 

It is not difficult to check that, for any Q, the space _ftr[roo] equipped with the 
operations Oj and Ag is a grafting bialgebra. 

d) The space of Hochschild cochains. (see fO' ) Let A be a unital iiT-algebra, 
and let C*{A) :— 0„>o IIomi<-(A®", A) be the space of Hochschild cochains on A. 

The space C*{A)[1] 0HomK(A®("+i), A) is a grafting algebra with the oper- 

n>0 

ations •i defined as follows: 

g•a■.^fo{^df'-'^xgx^dT-\ 
for g e C"(A, A) and / £ C"(A, A). 
Consider on C*(A)[1] the following coproduct: 

i=l 

where 

(1) :=/(a;i,...,a;„U,...,U) 

(2) fl^-^'+\xi, . . . ,a;„+i_,) := /(U, . . . , U, xi, . . . ,x„+i_.) £ A). 
It is easy to see that (C*(A)[1], •i, A) is a grafting bialgebra. 

e) The underlying space of an algebraic operad. Let if be a field of charac- 
teristic 0, and let P be a if -linear operad as described in [T^. Consider the graded 
if -vector space P[l] := ^^P(n -I- 1) equipped with the maps: 

Tl>0 

A := 7i,...,i,„,i,...,i(j^(8) 1 «)---(g)l(8)A®l(g)---(X)l), 

where 1 S P(l) = P[l]o is the identity operation, and A G P(m) is at the i + 1-th 
place. It is easy to check that P[l] with these products is a grafting algebra over 
K. 

As an example of grafting bialgebra consider the grafting algebra associated to 
the operad As. 
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The grafting structure of As[l] = ^^K[Sn+i] is given by the operations: 

n>0 

(c7.,r) = (4)XaXT™p-^).^r, 
where r = (f^^^ x li x f^^^~^) ■ 5 with 5 e Sh{i, l.m -i -1), f^\^ e Si, 
^(2) ' ^ Sm—i—iy and 

'S{k), for < i and A; < S-'^{i + 1), 

(5(fc) + n - 1, for 6{k) > i and k < S~'^{i + 1), 

z + r+1, forA: = (5^-'^(z + l)+r and < r < n, 

(5(fc - n + 1), for 6{k) < i and k > 6^^{i + 1) + n - 1, 

5{k-n + l)+n- 1, for S{k) > i and A; > + 1) + n - 1. 

In fact, (T»,T is obtained by replacing i+1 in the image of r by {a{l)+i, . . . , a{n)+i). 
For instance, 

(2, 4, 1, 3) .1 (1, 3, 2, 5, 4) = (1, 6, 3, 5, 2, 4, 8, 7). 

To define a coproduct on ^s[l], let 7 e Sm+i be a permutation, for an integer 
< i < m, there exists unique decompositions: 

7 = ilH; X 7('^)-') . 6 = (7(\) X 7(^^+1-) . e, 

where 7^.^ G 5j, /or i = 1,2, G 5/1(1 + 1, m — i) and e G Sh{i,m — i + 1). 
Define 



i=0 



7.6.1. Proposition. Tfte apace As[l] = ^^K[Sn+i], equipped with the operations 

n>l 

•i and the coproduct Aas is a grafting bialgebra. 

Proof. Wc know that (^s[l], •«) is a grafting algebra. To check that A is coasso- 
ciative, it suffices to note that, for 7 G Sm+i, we have that: 

{AAs®idAs[l])°'^As{l) = Yl ^^(2)^ ^^fa^^ = iidAs[l]<»^As)oAAs{l), 

i+j+k=m 

where, for each compositions (i, j, k) of m, the following equalities hold: 

7 = (7(+)' X 7^2) X 7(3)) • -^i = (7^) X 7/2)' X 7f3)) • 82 = (7(\) x 7^2) x 7f3t') " -^3, 
with 7^;^ G Sp, for I = 1,2,3, Ji G Sh{i + l,j,k), 82 G Sh{i,j + l,k) and ^3 G 
Sh{i,j,k + 1). 

To prove the relationship between Aas and the operations note that for any 
7 G S'n and any < i < n, there exist unique order preserving bijections (p^-^^ : 

{l,...,i} j-\{l,...,i}) and .^^2^ : {l,...,n-i} j-^{{i + 1, . . . ,n}). 

The permutations 7^^^ and 7(27' ^''^ given by the formulas: 

7(\) = (7^i)(l)),---,7(4)W)) 

7(V = (7K2r(l))> • • • ,7(<^^2r(« - i)))- 
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Using the formulas above, it is easily seen that, for a G Sn+i, r e Sm+\ and 
!i J 5: + 'Ti; we have that: 

forO<j<z 
(cr t)|j*"^^ = *i ^\t)^ for i <j <i + n 

a •i f^^~^"^^ , for i + n<j<n + m. 

'a •i^j for < j < i 

{a i^ r)^+'"--'"+i = \ .0 f™r^+', ^or^<J<^ + n 

.^(2)^"""'^^' 'i + n < j < n + m, 

which ends the proof. () 



The following result is an extension of Lemma [275l to preshuffle algebras, its proof 
is straightforward.. 

7.7. Lemma. Let {A,»i) and {B,Oj) be preshuffle (respectively grafting) algebras. 

(1) The Hadamard product A>S) B has a natural structure of preshuffle (respec- 
tively grafting) algebra, given by the operations: 

{x (g) y) •i {x' (g) y') := (a; x') (y Oj y'), 

for X S An, y £ Bn, x' e Am, y' e Bm and < i < m. 

(2) The tensor product A(E)B has a natural structure of preshuffle (respectively 
grafting) algebra, given by the operations: 

(X •i X') ® (y Oi-|a:'| y'); for i^W\, 

0, otherwise. 



(x g) y) •j (x' ® y') := 



7.8. Proposition. Let {A, Aa) and {B,Oj, /S.b) he two preshuffle (respectively 
grafting) bialgebras. The Hadamard product A® B with the operations •i given in 

H 

Definition \7. 7| and the coproduct given by: 

Aa(db{x (E) y) ^ ^ ® 2/(1)) (a:(2) «) 2/(2)), 

k(i)l=la(i) 

where Aa{x) = J2 ^{i)®^{2) and Asiy) ~ Sy(i)®y(2)7 a preshuffle (respectively 
grafting) bialgebra. 

Proof. Let x £ An, y G Bn, x' G A^, and y' G i?m- Since |a;(i)| < |y| < |a; x'f^^^\ 
and |2/(i)| < |a^| < \y °o 2/(i)li ^(i) ^^-^ y(i), we have that: 

Aa®b{{x •o x') ® (y Oq y')) 
/J 

X! (^(1) ® ® ((2^(2) "0 x') «) (y(2) Oq y'))+ 

(x y) (x «) y') + X! ((a;»o2;'(i))'X'(yoo2/(i)))® (a;'(2) «'y[2)) = 

^((x g) y)(i) ® ((x g) y)(2) -0 (x' ® y'))(2) + (x ® y) (x' ® y') + 

+ ^((x ® y) .(0) (x' ® y')(i)) «) (a;' y')(2). 
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For < i < TO, note that \{x •i a;')(i)| = \{y y')(i) \ only in the foUowing cases: 

(1) {x»i a;')(i) = , {y Oj = y'^^^ and \x[-^^ | = \y[-^^ \ < i, 

(2) (x a;')(i) = X(i) •i x[^y {y = ^/(i) j/^^^, |a;'(^j| = \y[^^\ = i, and 

N(i)l = 1^(1)1' 

(3) (a;»ia;')(i) =a;»ia;'(^), (yo, =2/0^^^^^, and |a;'(^)| = [y^^^l > z. 
The equalities above imply that Aa^b{{x •i x') ® {y Oj y')) = 

H 

^ y')w ® ((^ <^ °i ® y')(2))+ 

l(x'i»i/')(i)l<i 

X! ((^ °» 2^')(i)) <^ ((a; 2/)(2) '0 (a;' O y')(2))+ 

|(x'(giy')(i)l=« 

^ ((a; (8) y) (a;' (g) y')(i)) ^ {x' O y')(2), 

which ends the proof for < « < m. The result for « = to is obtained in the same 
way. ■O 



7(i) 



Let {A, A) be a grafting bialgebra, we want to show that there exist a natural 
way of defining operations on A is such a way that {A, •^j A) is a shuffle bialgebra. 

(1) Given a composition (ni, . . . ,np) of n, we denote by A„j^...^„j^ the compo- 
sition ■JTni,...,np ° where 7r„i,...,„p is the projection from A^p to 

An, ® A„p. 

(2) Let 7 be an (^71,771^- shuffle. There exist unique compositions {ni, . . . ,nr) 
of n and (toi, . . . ,TOr+i) of to such that toi > 0, to^+i > 0, to^ > 1 for 
2 < i <r, and rij > 1 for 1 < j < r, such that 

7 = (n+1, . . .n+TOi, 1, . . . ,ni,n+mi+l, . . . ,n+mi+m2,ni+l, . . .,ni+n2, . . .,n+m), 

that is 

1.7 +^1- Y.i=i for < j - ni + TUi < nik+i, with < fc < r 

[j - J2i=i ^i-< fo'' "mk+i < j - J2t=i ni + nii < nik+i + Uk+i, with 1 < A: < r. 

For instance, if 7 = (1, 3, 4, 2, 5, 6) G S'/i(2, 4), then (toi, TO2, TO3) = (0, 2, 2), 
and (ni,n2) = (1, 1). 

Given elements x G An and y e A^, define the element x»^y & An+m as 
follows: 

X y := y ' Xf-I^^ •„jj (. . . {x^j._^ •miH hni,._i (•^(r') '"iiH I-"1t- 2/))))j 

where A„j,...,„p(a;) = X) a;"^^) (gi • • • (gi a;"^''). 

7.9. Theorem. Let (A, •i, A) &e a grafting bialgebra. The graded space A equipped 
with the operations defined above for any shuffle 7, is a, shuffle bialgebra. 

Proof. Let x € An, y £ A^ and z & Ar he homogeneous elements of A, and let 
7 e Sh{n, m + r), 5 € Sh{m, r), A G Sh{n + to, r) and tr e Sh{n, m) be such that 

(1„ X (5) - 7 = (cr X 1^) • A. 

We want to verify that x {y •s z) = {x y) •x z. 
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Let 7 be the permutation given by the integers (ni, . . . , Up) h n and {hi, . . . , /ip+i) l- 
m + r. We proceed by a recursive argument on p. 

It p = 1, then 7 = cj,j ' 

Suppose that S e Sh{m, r) is given by integers (mi, . . . , mg) h m and (n, . . . , r^+i) h 
r, we have to consider two different cases. 

k 

a) If there exists < k < q such that < h — ^^''i + < r^^+i, then 

(1„ X (5) • 7 = (cr X Ir) ■ A, where a = uj^^^ |_^^ and A is the (n + m,r) shuf- 
fle associated to the compositions {mi, . . . ,mi~,n,mk+i, ■ ■ ■ ,mq) of n + m and 

k 

(ri, . . .,rk,h,rk+i -h,rk+2, ■ • ■ ,rq+i) of r, with h:^h- y^/j + mi. 

i=l 

Applying the properties of a grafting algebra, we get that: 
X {y z) = 

X 'h {y^J) (• • ■ {y'^g) 'n+.-.+r, z))) = 

' for 1 < J < k, 
X, for j = /c + 1 , 

forj<fc + l, 



Since {x •m^ + ...+rnk y)^j) 

we get the result. 

b) If there exists < k < q sucli that < h — ^^(^i + m^) + r^; < nik, then 



fc-i 



n . m 



'^miH hnifc 



^+/(, with h := h — + mj) — r^, and A is the (n + m, r)- 

i=l 

shuffle associated to the compositions (mi , . . . , ruk-i, nik +n,. . . , nip) oin + m and 
(n, . . . , rp+i) of r. 
We have that 

(1) {x •rm+---+m^_^+h vY^j) = y™) , for j ^ k, 

(2) (x =x»hy1^y 

In this case, using the properties of grafting algebras, it is immediate to check that: 

X •■y {y 'S Z) = {X •rm_ + -+mk-i+h V) 'A Z- 



For p > 1, note that if 7 is the (n, m + r)-shuffle associated to the compositions 
{ni, . . . , Up) h n and {hi, ... , /?-p+i) of m + r, then 

X •j {y •s z) = a;"j') {x'^^)"'^ {y #5 z), 

where 7 is the (n — ni, m + r)-shufffe associated to the compositions (n2, . . . , rip) of 
n — ni and (/ii + /12, • . ■ , /ip+i) of m + r. 
We get that: 

X '7 (2/ z) = x"^^^ •h, ((a;^27"' y) 'a ^) = i^ll) 'k, (ar^aT"' 2/)) 'A ^> 
where (In-m x ^) • 7 = (ct x 1^-) • A, and 
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(-1 Y X^l , ni,n+m+r-ni _ / ni,ri+r?i-rii -i \ 

(^n+m-ni X Aj • 07,^^ — (tJ^.^ X i^j ■ A. 

So, we have that 

a; [y z) = (a; y) •x z, 

with cr := X a) ■ g^^^j ('^^^ X 5) • 7 = (cr X Ir) • A, which ends the 

proof. <C> 



Primitive elements of preshuffle bialgebras. 

Since any shuffle bialgebra is a preshuffle algebra, we look for the operations ob- 
tained by compositions and linear combinations of the primitive operations { — , — } 
and i?^, introduced in Section 4, which can be defined in terms of the multiplica- 
tions of a preshuffle algebra. 

Let (A, be a preshuffle algebra, and let x e Am y G Am and z e be elements 
of A. Note that {x, y} — x •top y ~ x •oy and B'^i (x; y) — x •ly are defined for 
all 1 < i < TO — f . But also the element 

^i,.xt^. ' {{x, z); y) ^ z {x •Qy)-x {z ; y) 
may be defined in A for f < i < to. In a similar way, the element 

Bq ({a;i,z};x2, . . . = 

Z •n+i {xi •0X2»0 ■ ■ ■ Xq #0 y) - Xl •o {z •n^i+i {^2 'O ' ' ' '0 Xq #0 J/)), 

where \xi \ = rii, n — "^^nj and n>k :— "y^nj, may be defined on A. 

2—1 i—k 

7.10. Definition. Let (A, •i) be a preshuffle algebra over K. For q > and 1 < 

p < rir, the g -I- 2-ary operation : A^'^ (g) A — > A is defined by the following 
formulas: 

Lq{xi, . . . , Xq] y; z) :— 

z Up y, for q — and < p < |y|, 

{y, z}^y •top z-y^oz, ior q = and p = \y\, 

z •p+n {xi •o - ■■ •oXq •o y) - Xl •o {z •p+n^^ {^2 ' ' ' •o Xq •a J/)), for q>l, 

where (xi, . . . , Xq] y; z) denotes the element xi®---®Xq®y®z^ j^®{q+2) ^ 
q 

nk ■= \xk\, n>k := ^ and n = n>i, for 1 < fc < g. 

i—k 



The following result implies that the subspace of primitive elements of a preshuf- 
fle bialgebra is closed under the q+l-ary operations L^, its proof is similar to 
Proposition 14. 31 one. 



7.11. Proposition. Let {A ~ ^^^fe, ^) be a preshuffle bialgebra. If the elements 

k>l 

Xl, . . . Xq,y, z belong io Prim(^), then LP(xi, . . . ,Xq;y; z) belongs to Prim(^), for 
any 1 < p < \xq\. 
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Note that, in fact, A{L}){x; y)) — for all y e A and x £ Prim(A) and < i < 

In order to describe the relationship verified by the new operations i^, we need 
the following Lemma. 

7.12. Lemma. Let xi, . . . , Xq,y, z be elements of a preshuffie algebra A. With the 
same notations that in Definition \7.10\ the product •o and the operations defined 
above verify the following equalities: 

1) Forj < \y\, 

L^(xi, . . . , Xq, y; z -0 w) = ^ L\ "-"(xi, . . . , Xk; L^q_k{xk+i, ■■■,Xg;y; w);z), 
and 

. . . ,Xg;y;z •qw) ^ 

q 

^ ^|y|+«>fc+i^^^^ ^ ^ ^ ^ Xfe, Lj^^i^.(xfc+i, ...,Xq;y; w); z) + L[^^{xi, ...,Xq\y\ z) #0 

fc=0 

2) For 1 < j < \z\, ...,Xq,z»Qy;w)^ L^q{xi, ■ ■ ■,Xq;z;w) #0 y, and 

L{{z,y;w) + z 90 Ll{y;z), for q = 



Li+i{xi,..., Xq,z;y]w), for q > 1, 



L;^+I'=l(a;i, ...,Xq;z»o y;w) 

3) 

mxi,...,xq^uz,„xq;y;w) = <| ^ . ^ _ ri 



Lq+iixi, ■ . .,Xq-i,z,Xq;y;w), for g > 2, 
L{{z,xi\y]w) + z #0 w), for g = 1. 



Proof. The formulas are straightforward to check. We prove for instance the last 
one, the other ones may be obtained similarly. 
For q > 2, the result is obvious. 
For g = 1, we have that: 

Liiz -o x; y-w) =w •j+n+r (z 'o x»oy) - {z •o x) #0 {w •j y) = 

{w»j+n+r{z»QX»ay)-Z»Q{w»j+n{x»Qy))) + {z»Q{w»j+n{x»oy))~{z»Qx)»Q{w»jy)^ = 

L2{z,x;y;w) + z»QL{{x]y;w). 



We introduce some notation, in order to prove the relations satisfied by the 
operations L^. 

7.13. Notation. Let (A, •i) be a preshuflle algebra over K and let x = (xi, . . . , a;„), 
z = (zi, . . . , Zm), t and w be a collection of elements in A. Given nonncgative 
integers < j < |?/|, <k <\w\ and 1 < / < m we define: 

a) for a partition p — {pi, . . . ,Pm\ of m with Pi > Q for 1 < * < w, the element 
L^(x, y,z) as follows: 

(1) if TO = 1, then L^(x, y, zi) := . . . ,a;„;i/; z). 
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(2) it m > 1, then 

L^i^, y, z) := Lpt"^"' {xi,---,Xp^; L^^ {{xki+i, . . . ,Xn)]y;{z2, ■ ■ ■ , Zm)); zi), 
where := (p2, • • • ,Pm) and n>j := ^ \xi\. 

m 

b) let mi := for a partition q = {qi, . . ., qm+i) of n, and an integer < fc < 

i=l 

">9i + \y \ + "^ii the element 

Lf (x, y, z, := L^,+'=+">- , . . . , a;,, ; L^^ (x^^ , y, z) ; , 

where g;^ := (92, • • • , 9m+i) and x«i := (xg^+i, . . . , a;„). 

c) for a partition r = (ri, . . . , r;+i) of n, the element 

Lti^, y, z, w, t) := -L^^+„_i+i(a;i, . . . , , Z/j?! (x''^ , y, z^'), . . . , Zm;w;t), 
where := (r2, . . . ,n), x'^^ := (2:^+1, ...,x„) and z-' := {zi, . . .,zi). 

7.14. Theorem. Let{A,»i) be a preshuffte algebra over K . Given elements Xi, ... ,Xn, 
y,zi, . . . ,Zm,w,t of A, the operations iJ^ verify the following relations: 

n 

Si) Li{xi, . . . ,Xn;y; L^{w;t)) =Y^ i^+*^+">'- {xi,...,Xr; Li_^{xr+i, . . . ,x„;y;wy,t)+ 

r=0 

n 

^j\y\^n+iixi ,...,Xn,y;w; t)-5k\^\ ^ iT+n^r-i^y+k+n^r . . . , a;^; V^_^{xr+-L, . . . ,Xn\y;t);w), 

r=0 

jl, forp = g, 
where Opq := < 

10, otherwise. 

b) For m>l, 

Li{xi, ...,Xm;y; L^{zi, ...,zm;w; t)) = ^{L^J^{x, y, z', t)- 

p 

m 

{xr,...,Xp,; Lg(xf 1 , y, z'\ t); z^)) + J,,,, ^ if^(x, y, z, t)- 

/=1 q 

m 

^r^i'"^"""^' (xi, . . . , a;^! ; L^i-i)r^ (x'^' , 2/, z\ 2/, t); ^i)+L^+„+i(a;i, . . . , a;„, y, . . . , w; i)- 

i=2 r 

n 

w;ty,zi)), 

s=0 

where the first sum is taken over all partitions p = {pi, . . . ,Pm+i), the second 
one is taken over all partitions g = (gi, . . . , qi+i), and the third one over all r = 
(ri, . . . , n+i) of n, z' := {zi,...,Zm, w) and := (y^+i, . ■ ■ ,yh) for any partition 

y = {yi,---,yh)- 
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Proof. For n, m ^ 0,1 the formulas may be checked by a straightforward calcula- 
tion. The other cases are obtained by recursive arguments on n and m, applying 
Lemma 17.121 and the following formula: 

i^+i(a;i, . . .,Xn+i;y;w) = L^+l^"+il(a;i, . . . ,a;„;a;„+i •oy;w), 

for q>l. 



7.15. Definition. A Prirripsh algebra is a graded vector space V equipped with 
operations L^-^ : y^" eg) Vm ® V — > V, for rt > and I < j < m, which verify the 
relations of the Theorem 17. 141 

Note that the Theorem 17.141 implies that the free Prirupsh algebra over a set 
X is linearly spanned by elements x = Lp^{xi, . . . , x„; ?/; z), where xi, . . . ,Xn,y are 
elements in the free algebra, and z € X. 

Theorem 17.141 states that there exists a functor from the category Presh of 
preshuffle algebras to the category of Prinipsh algebras. Given a preshuffle bial- 
gebra H , the subspace of primitive elements Prim(iJ) is a Primpsu subalgebra of 
H. 



Applying the same arguments that in Section 4 for shuffle algebras, we study the 
structure of free preshuffle algebras.. 

Let X be a positively graded set, since the triple {K\K,ootX]^,9q,/S.qj^) is a 
connected unital infinitesimal bialgebra, the map 

e{£.n,x) ^ {S.n;x)-^(^im,n2;x(i),X(2))^ h (- 1)"^+^ ^ (Cm i , . . . ,a;(r))+. . 

gives a bijection between X and the subset e{X) of Prim(_fir[/Coo, -'^D- 

We denote by VrinipshiX) the subspace of K[ICoo,X] spanned by the set e{X) with 
the operations LJ^, and by VrimpshiX)*°^ the space spanned by all the elements 
of the form zi 'o -22 ' ■ ■ "o with each Zj 6 VrirUpshiX), for I < j < n. Note 
that Theorem 17. 141 states that any element w in VrirripshiX) is a sum of elements 
of type . . . ,Xn\y]t), with xi, . . . , x„, y G VrinipshiX) and t e e{X). 

7.16. Proposition. Let X be a positively graded set, equipped with a coassociative 
graded coproduct Q on K[X\. Any element z in K[lCoc, X\ belongs to ^^Vrimpsh{X)*' 

n>l 

Proof. We only need to check that an element 

z = e(C„; x) (zi "0 2:2 "0 • ■ • 'o ^r), 
with X £ Xn and Zi G Vrimpsh{X), belongs to ^^Primpsh{X)*'^'^ . 

n>l 

We show it applying a recursive argument on r. 

If r = 0, then z — e(C„; x) belongs to e{X), and the result is obvious. 

If r = 1 and < j < |zi|, then z — Ll{zi; e(C„; x)) belongs to Vrimpsh{X). 

If r = 1 and j ~ \zi\, then z = Lq^^' (zi; e(C„; a;)) + zi •o e(C„;x) belongs to 

Vrimpsh{X)®Primpsh{X)'"^. 
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Suppose that r > 2. If < j < |zi | + • • • + \zr\, then there exists 1 < k < r such 
that Izil H h \zk-i\ < j < \zi\ H h \zk\, and 

z = (e(^„;x) •j (zi #0 • • • "o Zfe)) z^+i #0 • • • #0 Zr- 

Clearly, if A; < r the result follows immediately by recursive hypothesis. 
If fc = r, then 

Z = LlZTizi, . . . , Zr^i;Zr;e{^n;x)) + Zi -o {e{^n;x) "i-lzil {Z2 'o • • • "0 Zr)), 

where m = |zi| + h |zr~i|- But . . . , z^-i; Zr] e(^„; x)) G Vrimpsh{X) 

and, by recursive hypothesis, e(^„;x) 'j-i^ii {z2 • • ■ Zr) G ^^'Primps;i(X)*°". 

n>l 

So, z e 0Przr7Vft(X)"'". ^ 

n>l 

7.17. Proposition. Let X he a positively graded set. The subspace VrinipshiX) is 
the subspace of primitive elements of K[)Coot X]. Moreover, it is the free Vrirripsh 
algebra spanned by X . 

Proof. As for shuffle algebras, it suffices to prove the result for the case where 
X = Xn with Xyi finite, for all n > 1. 

n>l 

Proposition 17.111 states that VrinipshiX) C Prim(iir[/Coo, -'^D, while Proposition 
I7.16l implies that K[ICoo,X] = T{Vrimpsh{X)) as a vector space. From Theorem l4.2l 
one has that if [/Coo, ^] = T(Prim(if [/Coo, X])), aoPrimpshiX) = Prim(ii:[/Coo, X]). 

For the second point, we know that the dimension of the subspace Vrimpsh{X)n 
of homogeneous elements of degree n of VrinipshiX) is [Irrjc^ ^|. 

An element . . . ,Xr) G ICn,x is irreducible if, and only if, / — $,ni,...,nr ' c, 

with (T e Sh^^{ni, . . . , n,-) f] Irrs^ and \xi \ = n^. 

It is easily seen that if u G Irrs^, t G Sm and 1 < i < n, then r •i cr G Irrs^^„^. 
Moreover, let ct = cti x • • • x cr/j, with Ui G Irrs^. and k > 2. The permutation 

k-l k 

T Uj a Irrs^^^, for any rii < j < n = n^. 

i=l 1=1 

We need to check that the dimension of the homogeneous subspace of degree n of 
the free Vrirupsh algebra spanned by X is precisely \Irrjc„ x\- 

Let Ppsh{X)n denotes the subspace of degree n of the free Vrinipsh algebra spanned 
by X. Note that Ppsh{X)n is the vector space with basis 

B„ := Xn [J 

ri — 1 q 

Wq{xi, ...,Xq;y;z)\q>0,l<j<\y\,xi,...,Xg,ye |J , z e X and^ + + 

fc=i 1=1 

The map a : B„ — > I'f"'"K„ x is defined as follows: 

n>l n>l 
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(1) a{x) i£.n]x), for x G Xn, 

(2) aiLl{y;z)) (Ci^i ; z) a(y), for 1 < j < \y\, 

(3) Q;(L^(a;i,...,a;,;j/;z)) := 

(^l^i;^) •]+m {a(xi) "0 • • • "0 a{xq) #0 a\y\{y)), 

for 1 < j < lyl, where to = 

1=1 

Conversely, let (/; xi, . . . , Xr) G /Cn.x be an irreducible element, where 
/ = £,ni,....7i,. • CT- One has that cr^^{i) ~ a^^{l) + i — 1, for 1 < i < ni, with 

> 1 and / = (_ni •o-i(i) (^"2,...,". • o-'), for a unique a' e Sn-m- 
There exists a unique decomposition 

(Cn2,...,n. ■ o-';a;2, . . . ,3;^) = igi;x2, . . . jXjJ #0 • ■ • -o (gm;a;j,„_i+i, . . . ,Xr), 
with (g^; a;j;_i+i, . . . ,Xj.) irreducible. 

By a recursive argument we suppose that a^^{gi; Zj. j+i, . . . , XjJ is a well-defined 

n-l 

element in (^B;, for 1 < i < m. Since (/; Xi, . . . , x^) G Irri<^^^, one has that 

LilT^ < cr^^l)- So, we define 
a"^(/;2;i, ■■■,Xr) =^ 

im-i("~^(5i;a;2, ... ,2:^1), . . . . . . , Xj^_^^); a^^ {gm; Xj^_^+i, . . .,Xr);xi), 

where s = cr"^(l) - Yll^i^ \9i\- 

Clearly, the map a^^ is the inverse of a. <) 

The following result is a straightforward consequence of Theorem 14.21 and the 
previous results. 

7.18. Proposition. Let X be a positively graded set, such that K[X] is equipped with 
a coassociative graded coproduct Q. The unital infinitesimal bialgebra K[lCoo, X] + 
is isomorphic to Tf'^[Vrimpsh{X)), where Vrimpsh{X) is the free Vrimpsh algebra 
spanned by X . 

We want to prove the equivalence between the categories of connected preshuffle 
bialgebras and Vrimpsh algebras. More precisely, given a Vrimpsh algebra {V, L\) 
and an homogeneous basis X of the underlying vector space V, let Upsh{V) be the 
preshuffle bialgebra obtained by taking the quotient of the free preshuffle algebra 
K[K,^ X] by the ideal (as a preshuffle algebra) spanned all the elements: 

L\{xi, . . . , Xq] y; z) — Lq{xi, . . . , Xq; y; z), 

with xi, . . . , Xq,y, z G X, q > and 1 < i <\ y \, where L* denotes the operations 
associated to the preshuffle algebra K[IC, X]. 

The proof of the following result is similar to the proof of Theorem 14. 11 1 

7.19. Theorem, a) Let Oj,A) be a connected preshuffle bialgebra, then H is 
isomorphic to Upsh(PT^^'ni{H)), where PriTa{H) is theVrirUpsh algebra of primitive 
elements of H . 

b) Let {V,Lq) be a Vrimpsh algebra, then V is isomorphic to Prim(Wps/t(V^)). 
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Primitive elements of grafting bialgebras. 

Let {A, •i, A) be a grafting bialgebra. 

By Proposition lT.lll the elements LP^{xi, . . . , a;„; y; z) are primitive, for 1 < p < \y\, 
whenever the elements xi, . . . , Xn, y, z belong to Prim(A). But an easy calculation 
shows that LP(a;i, . . . , a;„; y;z) = for any xi, . . . , a;„, y,z € A and n > \. Using 
this fact, we introduce the following definition. 

7.20. Definition. A Prinigr algebra over if is a graded vector space V equipped 
with a family of binary operations : V V — > V and : V (E) Vn — > V, 
for 1 < p < n, such that: 

(1) y}, 'A {x, {y, z}} + y ^i^i {x, z}, for x,y,z e V. 

(2) {x»py,z} = x»p{y,z}, 

(3) {x,ypz}^y\^\+p{x,z}, 

(4) {x, y}»pz^y •\x\+p {x 9p z) - x {y •p z), for 1 < p < \z\, 

(5) (X •py)»gZ = X Up+q {y z), 

(6) X Up (y •qz)^y •\x\+q {x»pz), ifl<p<q< \z\, 
for x,y,z <^ V . 

Clearly, any grafting bialgebra (yl, •i. A) has a natural structure of Vrinigr al- 
gebra, such that Prim(A) is a Vrinigr subalgebra of A. 

For any positively graded set X and any coassociative coproduct 8 on if[^], 
there exists a natural extension of the coproduct to a coassociative coproduct Ae 
such that (Gra/(X), •i, Ae) is a grafting bialgebra. Moreover, the vector space 
if [Too, equipped with the associative product og and Ae+ is a unital infinites- 
imal connected bialgebra, so it is isomorphic to r-'''^(Prim(if [Too, ^] + ))- 

Let Vrimgr{X) the subspace of K\TootX] spanned by e{X) with the operations 
{-, -} and Op. 

7.21. Proposition. Let X be a positively graded set, equipped with a coassociative 
graded coproduct O on K[X]. Any element z in if [Too, X] may he written as a sum 
z = ^1 °o -zf °o • ■ ■ °o ^rfcj £ Primgr{X). 

Proof. The space K[Too,X] is a quotient of K[ICoo, X], let 

n : K[ICco,X] — > if [Too, Let ejc (respectively, er) denotes the projection of 
K[JCqo,X] (respectively, K[Tco,X]) into its primitive part. 

The set 11''^ {eK.ix)) has a unique element, for any x d X; which implies that the 
restriction of 11 to eic{X) is an injective map, whose image is exiX). 
Moreover, since H sends the product "p to Op, for p > 0, we have that 
U{Vrtmpsh{X)) C n{Primgr{X)). 

Let z € if [Too, ^], there exist at least one element z G K[ICoo,X] such that 
n(z) = z. 

We know that z = J^k *o Z2 ■ ■ ■ '0 z^^, with zf E Primpsh{X). 

So, z = Efc n(zi*) 00 n(5f ) 00 • • • 00 n(z,\), with e Primgr{x). <) 

7.22. Proposition. Let X be a positively graded set, equipped with an associa- 
tive coproduct on K[X]. The subspace Vrimgr{X) is the subspace of primitive 
elements of K\Tao,X]. Moreover, it is the free Vrinigr algebra spanned by X. 
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Proof. The proof of the first assertion is identical to the ones given for preshuffle 
and shuffle algebras. The unique point to see is that Vrimgr{X) is the free Vrimgr 
algebra spanned by X. 

To prove the second one, we may suppose that the set X„ is finite, for all n > 1. 
Since the algebra (Prim(iir[Too, X]), •o) is free on the set {t = \l ^{\,t^ ^ • ■ • , t^)}, the 
dimension of the subspace of homogeneous elements of degree n of Y'rva\{K\TooT X]) 
is the number of trees of the form t ~ Vrcd' ■ • • > where x G X,. and 

1^1 = Ei<,<. 1*^1 + 

Let {X} be the set of all elements of the form z = {xi, {. . . , Xfe}}}, with 

k >1 and Xi G X. From Definition 17.201 we have that the elements of X and the 
elements of type: 

Z^Xi (■ • ■ {Xr-l 'v^i {Xr -i, w))) , 

with ii > ■ ■ ■ > ir, ^ < ij < \xj+i \ + ■ ■ • + \xr \ + {wl, Xj G X, and w G {X}, are a 
basis of the free Vrirugr algebra over X as a vector space. 

Define a map 7 from the basis described above to the set {t = V2:(l'^^' • ■ • ' ^' ) I 
with X G Xr and \t\ — J2i<j<r \^''\ + ^ ^ follows: 

7(2:) := (c„,a;), for a; G X 

7({xi, {. . . , {xk-i,Xk}}}) := V'^l''^^^^^, {■ • • , {xk-i,Xk}}})), ior xi, . . . ,Xk & X 

xi 

-ii (■ • ■ {Xr-1 [Xr W)))) := {Zm,Xi) (. . . {{Cn^^Xr) l{w))), 

for \xi\ = Hi. 

Clearly, 7 is a graded bijection, which sends elements of degree n of the basis to 
trees of the same degree. So, Vrimgr{X) is a quotient of the free Vrimgr algebra 
over X such that both space have the same dimension on each degree, which implies 
they are isomorphic. <C> 

Again, we have a natural equivalence between the categories of connected graft- 
ing bialgebras and Vor algebras. As in previous cases we define, for any Vcr algebra 
(y, [— , — ], Op) and an homogeneous basis X of V , the universal grafting envelopping 
algebra Ucr{V) as the quotient of the free grafting algebra K[Too,X] by the ideal 
spanned by the elements: 

{x, y} — [x, y] and x •p y — x Op y^ for x, y G AT and 1 < p < \y\ , where { — , — } and 
•p denote the operations associated to the grafting algebra K[Too,X]. 

The proof of the following result is similar to the proof given for shuffle and 
preshuffle bialgebras. 

7.23. Theorem, a) Let (iJ, Oj, A) be a connected grafting bialgebra, then H is iso- 
morphic to Ugr(P'i:im{H)) , where Prim(_ff) is the Vcr algebra of primitive elements 
ofH. 

b) Let (V, { — , — }, •p) be a Vcr algebra, then V is isomorphic to Y'vmi{hiGr{y)) ■ 
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8. Applications. 

I. Basis of primitive elements for the Malvenuto-Reutenauer algebra and 
for the bialgebra KlVoc]- 

In [8] and [2] the authors describe different basis for the subspace of primitive 
elements of the Malvenuto-Reutenauer bialgebra. We construct another one using 
about preshuffle bialgebras. We may extend this basis to a basis of the subspace of 
primitive elements of K[Pcx3]- 

1) The Malvenuto-Reutenauer bialgebra. 

We know that the dimension of the subspace of primitive elements of degree n of 
K[Soo] is the number \Irrs^ \ of irreducible permutations of Sn- Using Proposition 
14.91 we associate to any a G Irrs^ a primitive element Eg- in K[Soo]- 
If cr = (1), then £;(!):= (1). 

Let a G Irrs^ with n > 1, there exist a family of irreducible permutations ai, . . . ,ar 
and a shuffle 6 £ Sh{l, n — 1) such that a = ((1) x cti x • • • x ar) ■ S. The integer r 
and the permutations cri, . . . , ar, S are unique. 

For example, a = (5,1,4,6,3,2) = ((1) x (4,3,5,2,1)) • (2,1,3,4,5,6), and a' = 
(3,4,2,5,1) = ((1) X (2,3,1) X (1)) • (2,3,4,5,1). 

r 

Suppose that \(Ti\ = rii, with rii = n — 1. If a^^{l) < ni + ■ • • + n^-i + 1, then 

i=l 

(T = (((1) X (Ti X • • • X (Tr-i) ■ S') ■ ar, which is impossible because a is irreducible. 
So, CT"^(1) - 1 - rti rir-i > 0. 

Define Ea- as the following primitive element, 

t'^ "'(l)-l-rii n,.-i/7^ T-i . T-i . 

t^a ■— i^r-l l-f^o-i , • • • , -C^cr^-i , i^a^, (,ljj, 

where the operations are the operations introduced of Definition 17.101 

From Proposition 17. 171 we get that the set {Ea} jj-j-^ is a basis of the sub- 
space of primitive elements of the Malvenuto-Reutenauer bialgebra. For instance, 
one has that: 

i?(2,i)-(2,l)-(l,2), 

E(3X2) = 4(^^(24); (1)) = (3, 1, 2) - (2, 1, 3), 

-£^(3,4,2,5,7,1,6) ^ L\{E (2,3^1), E{^iy,E (2,1)] i'^)) = 

(3, 4, 2, 5, 7, 1, 6) - (2, 3, 1, 5, 7, 4, 6) - (3, 4, 2, 5, 6, 1, 7) + (2, 3, 1, 5, 6, 4, 7)- 

(2, 4, 3, 5, 7, 1, 6) + (1, 3, 2, 5, 7, 4, 6) + (2, 4, 3, 5, 6, 1, 7) - (1, 3, 2, 5, 6, 4, 7). 



2) The bialgebra K\Poo]. As a shuffle algebra A'[7'oo] is the free shuffle algebra 
spanned by the family {^n\n>i- So, any coassociative coproduct O on the vector 
space spanned by {^„}„>i gives a shuffle bialgebra structure on K\Poo\- Note that 

niH hWr 

where (rti, . . . ,rtr) is a composition of n, and c„j^...„^ G K. 
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So, 

n 

r—1 nl^ \-nr—n 

Given an irreducible element / e Irr-p^^ , we associate to it a primitive element Eg (/) 

in (K[Poc.], Ae) as follows. Let ni = \ f~^{l)\, 

If ni — n, then / — ^„ and Eg{f) is defined above. 

If ni < n, then / = /i, with 7 7^ 1„. There exist a unique family gi,. . . ,gr 

of irreducible elements, such that /i = ffi 'o ' ■ ■ 'o 9r- Let = mj, for 1 < j < r. 

Since / G Itt-p^^ it is immediate that 7(^1) > 7(rii + mi + ■ • • + m^-i + 1). 
There exists < fc < r — 1 such that 7(^1 + mi + • • • + rn^ + 1) < 7(1). 

(1) If fc 0, then EeU) := Ee{£,m) '7 {Ee{gi) -o • • ■ 'o Eg{gr)). 

(2) If fc > 1, then 

:= {£;e(.gi), '7 (^e(.92) 'o • • ■ 'o Eg{gr), 

where 7 = (e„i,mi x l„2+...+„iJ • 7, with 7 = l„r^ x a and 
a(ni) > a(ni + m2 + • • • + rrir-i + 1- 
Applying Proposition 17. 171 we get that the family {Eg{f)} ^^j^^^ is a basis of 
the space of primitive elements of {KlVoc], Ag). 

ri-l 

For example, let 9(^„) — ® for n > 1, and let 

1=1 

/ = (3, 2, 4, 1, 6, 4, 1, 5, 5) = 6 •(3,4,5,1.6,7,2,8,9) ((2, 1) -o (1, 3, 1, 2, 2)). 

We get that 

i?e(6)-(l,l)-(l,2), 
i?e(2,l) = (2,l)-(l,2), 

Ee{2, 1, 1) = {Eei^i), = (2, 1, 1) - (3, 1, 2) - (1, 2, 2) + (1, 2, 3), 

i;e(l, 3, 1, 2, 2) = •(1,3,2,4,5) Ee{2, 1, 1) = (1, 3, 1, 2, 2) - (1, 4, 1, 2, 3)- 

(1,2, 1,3,3) + (1,2, 1,3, 4) -(1,4, 2, 3,3) + (1,5,2, 3, 4) + (1,3, 2,4, 4) -(1,3, 2, 4, 5), 
Eei3, 2, 4, 1, 6, 4, 1, 5, 5) = {Eg{2, 1), ^^(6)} -(1,2,5,3,6,7,4,8,9) Egil, 3, 1, 2, 2). 

II. Some triples of operads 

Note that preshuffle algebras, shuffle algebras and grafting algebras are not de- 
scribed by classical linear operads. This Section is devoted to describe somme good 
triples of ii'-linear operads, following the definition of 22J, where the co-operad is 
always the co-associative operad. 

1) Duplicial bialgebras. 

This example is studied in [22], we include it since the results may be obtained 
easily from our computation of primitive elements. 

8.1. Definition. A duplicial algebra over ii' is a vector space A equipped with two 
bilinear maps /, \ : A® A — > A, verifying the following relations: 

x/{y/z) = {x/y)/z 

x/{v\z) = (x/y)\z 
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for x,y,z G A. 

Note that for any grafting algebra (A, •J, the space A with the products: 
x/y ■=x»oy and x\y := y •\y\ x 

is a duphcial algebra. 

It is not difficult to verify (see [30] or [22]) that the free duplicial algebra spanned 
by a set E is the space of planar binary rooted trees K[Yoo,E], with the vertices 
coloured by the elements of E. We denote it by Dup{E). 

Let {A, /, \) be a duplicial algebra, a coassociative coproduct on A is admissible for 
the duplicial structure if 

for x,y & A. 

An duplicial bialgebra is an duplicial algebra A equipped with an admissible 
coproduct. 

Note that any grafting bialgebra is a duplicial bialgebra. In particular, for any set 
E, the free duplicial algebra Dup{E) is a duplicial bialgebra. 

Clearly, the unique operation of Vrinigr which may be defined in any duplicial 
algebra is the product {— , — }, which does not verify any relation. 

8.2. Definition. A magmatic algebra over K is a vector space M equipped with a 
bilinear map M (Si M — > M . 

There exists a functor Fuup-Mag from the category of duplicial algebras to the 
category of magmatic algebras, which maps {A, /, \) i-^ {A, { — , — }). If {A, /, \, A) is 
a duplicial bialgebra, then (Prim(A), {—,—}) is a magmatic subalgebraof {A, { — ,—}). 

For any set E, let {E, E} denote the subspace of the free duphcial algebra Dup{E) 
spanned by the elements of E under the operation { — , — } and let T{E, E} be the 
subspace of Dup{E) spanned by the elements of the form z = zi/ . . . , with 
n> 1 and Zi £ {E, £'} for 1 < i < n. 

8.3. Proposition. The space T{E,E} is isomorphic to Dup{E). 

Proof. We need to prove that any planar binary tree t with the vertices coloured 
with elements of is a finite sum ^^2^1/ . . . /z^^, with zf G {E, E}. Note that it 

j 

suffices to prove the result for the trees of the form t = \ Ve t' , with e E E and 
t' G Dup{E). 

In order to simplify notation we denote e the tree (ci, e), for e £ E. 
If \t\ = 1, then t^ee {E,E}. 
If \t\ = 2, then t = e\f^ {e, /} + e/f G T{E, E}. 
The proof follows from the following assertions: 
(1) Let t — wij . . . /wr\z^ with Wj, z G {S, i?}. We have that: 

t — W\l . . . /Wr-l/iWr, z} + Wi/ . . . /Wr/z G T{E, E} . 

A recursive argument on m proves that iivui/ . . . /wr\zi\ . . . \zm-i G T{E, E}, 
then wi/ . . . /wr\zi\ . . .\zjn G T{E,E}, with the elements Wi and zj in 
{E,E}. 
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(2) Let zi, . . . , Zm e {E, E}, then 

{Zi, {Z2, {Zjn-1, Zm} •■•}} = ^l\{^2, • ■ • , Zm} • • • }" 

-Zl/Z2\{z^, {Zm-1, Zm} • • • } H h (-l)™~^-2;i/2;2/ • • • / Zm- 

For m = 2, using the first formula, we get that: 

Wl/ . . . /Wr\{zi/Z2) = -Wi/ . . . Wr-l/Wr\{zi,Z2} + Wi/ . . . /Wr\zi\z2, 

for Wl, . . . , Wr- zi, Z2 G {-E, E}. So, wi/ . . . /wr\{zi/ Z2) £ T{E, E}. 

For m > 3, a recursive argument and the formulas above imply that 

Wl/ ... /Wr\{zi/Z2/ . . . /Zm) G T{E, E}. 

Using that for any duplicial bialgebra (A, / ,\, A), the triple (A+,/,A+) is a 
unital infinitesimal bialgebra, we get that for any set E, the subspacc {E, E} is equal 
to PT:im{Dup{E)), and that, as coalgebras T^'^{{E, E}) and Dup(E) are isomorphic. 

To end the example we only need to prove that {{E,E}, {— , — }) is the free mag- 
matic algebra spanned by E, denoted by Mag{E). 

8.4. Proposition. For any set E, the subspace of primitive elem,ents of Dup(E), 
equiped with the binary product {— , — } is the free magmatic algebra Mag{E) over 
E. 

Proof. Again, we prove the result for any finite set E, showing that the dimension of 
the subspaces of homogeneous elements of degree n of Y'v'mi{Dup{E)) and Mag{E) 
are the same, for all n. 

We know (sec ??) that the dimension of the space of homogeneous elements of 
degree n of Mag{E) is Cn-i\E\^ , where c„_i is the Catalan number, which counts 
the number of planar binary rooted trees with n leaves. 

On the other hand, we know that (Dup(E), /) is the free associative algebra spanned 
by the trees of type t = | Ve t', with e € E and |t'| = |t| — 1. Since, we also have 
that Dup{E) is isomorphic as a coalgebra to T^'^{I'im\{Dup{E))), we may assert 
that the dimension of the subspace of homogeneous elements of Prim(£'up(i?)) of 
degree n is the number ot trees of type | Ve t', where t' is a planar binary rooted 
tree with n leaves and its n — 1 internal vertices coloured with elements of E. So, 
we have that dimif(Prim(£>Mp(£^)))„ = c„_i|i?|", which ends the proof. ^ 

As in the previous cases, given a magmatic algebra (Af, •) we consider the free 
duplicial algebra Dup{E) over the underlying vector space M. We define the uni- 
versal duplicial enveloping algebra W(jup(-^) of (M, •) as the quotient of Dup{E) by 
the ideal spanned by the elements of the form {x,y} — x ■ y, for x,y E M; where 
{— , — } is the magmatic product defined on Dup{E). 

The proof of a Cartier-Milnor-Moore type theorem for connected duplicial bial- 
gebras follows using the previous result in the same way that we proved it for the 
cases of preshuffle and shuffle bialgebras. We just state it. 

8.5. Theorem, a) Let {A,/,\,A) be a connected duplicial bialgebra, then A is 
isomorphic to Wci„p(Prim(j4)), where Prim(j4) is the magmatic algebra of primitive 
elements of A. 

b) Let (M, •) be amagmatic algebra, then M is isomorphic to Prim(l/d„p(M)). 
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2) The 2-infinitesimal nonunital bialgebra 

Recall that a 2-ass algebra is simply a vector space equipped with two associative 
products • and o. Let E he a set, define Tn^E as the set of all planar rooted trees 
with n leaves, with the leaves coloured by the elements of E. Consider the vector 
space K[T{E)] spanned by the graded set T{E) := [Jt„^£;. In [24j, we equipped 

n>l 

the tensor space T{K[T{E)]) with two associative products • and o, and proved that 
{T{K[T{E)]), •, o) is the free 2-ass algebra spanned by E, we denote it by 2-ass{E). 
We just give a brief description of the 2-ass structure of 2-ass{E): 

(1) For i = V(^\- eT„,B andw = \/{w\...,w'') efm,E, 

t-w:^\/it\...,r,w\...,w''), 
and t o w :— t iS) w. 

(2) For X = i^(g)- • -^r and y = w^®- • ■i^w'', with ti, . . . ,tr,wi, . . . ,Wk G f{X), 

x-y:^ (V(t\...,0)V(V(^\...,^')), 
and X o y := ® ■ ■ ■ (g) t"^ ^ ^ ■ ■ ■ 1^ w'' . 



8.6. Definition. A 2-infinitesimal nonunital bialgebra is a 2-ass algebra {A,-,o) 
equipped with a coassociative coproduct A, such that the triples •, A+) and 
(A+,o,A+) are infinitesimal unital bialgebras. That means that A verifies the 
following relations: 

■ y) = ■ y(i)) ® 2/(2) + ^ (g) (a:(2) ■y)+x®y, 

A(a; o y) = ^(x o (g) y(2) + ^ xji) ® {x(2) °y) + x®y, 

for x,y <E A, where A(x) = ^ a;(i) (g a:(2)- 



For any preshuffle algebra {A, •;), the triple {A, •o, "l) is a 2-ass algebra; and if 
{A, •i, A) is a preshuffle bialgebra, then (A, •o, 'l, A) is a 2-infimtesimal nonunital 
bialgebra. 

Let us describe the 2-infinitesimal nonunital bialgebra structure of 2-ass{E), for 
any set E. We define A recursively as follows: 

(1) A(|,e) := 0, for all e e E, 
(2) 

r 

A{\/{t\...,n) :=^V(^''---'^'"''^li))®V(*l2)'*^^''---'0+ 

r-2 

? ® f)) + ^ \J{t\ ...,t=)® \J{t^+\ + \/{t\ e-') ^ r, 

J=2 



where w 



w, for w = (I, e) 

(g • • • (g w^, for w = Y(w^, . . . , zilP). 
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(3) 

r 

A(i^ ® . . . (g) f) := ^(^1 ® • . • (g) f -1 (g) g) (i|2) ® t'+^ «) ■ • ■ (g) 

i=l 

r-1 

If we look at the structure of Vrinipsh algebra of A, given in Definition 17.101 the 
operations which are defined using only the products and •l are the + 2- 
ary products Ln ' (xi, . . . , a;„; y; z), for n > 1. Note that they do not verify any 
relationship, which leads us to the following definition. 

8.7. Definition. A Mag{oo) algebra over K is a. vector space M, equipped with 
n-linear maps ^„ : M**" — > M, for rt > 2. 

Let {A, •, o) be a 2-ass algebra, define : A®" — > A be the operations defined 
as follows: 

fi2ixi,X2) Xi • 2:2 - Xi O X2, 

fj.nixi, . . . ,Xn) := (Xl • ( {Xn-2 ■ Xn-l))) O Xn - Xi ■ {{x2 • ( {Xn-2 ■ Xn-l))) O Xn) , 

for a;i, . . . , e A and n > 2. 
Clearly, {A, fin) is a Mag{<xi) algebra. 

8.8. Proposition. Let {A^ •, o, A) be a 2 -infinitesimal nonunital bialgebra, the sub- 
space Priin(yl) of primitive elements of A is closed under the products fin, for n > 2. 

Proof. The result is a straigthforward consequence of Proposition 17. Hi it suffices 

to note that finixi, . . . ,a;„) coincides with L^^"2^^ (xi, ■ ■ ■ , a;„_2; a;„), 

for X 90 y := X ■ y and x •^y^ y = y o x. <^ 

For a set E, let 2-ass{E) be the free 2-ass algebra spanned by E, let M{E) be the 
subspace of 2-ass{E) spanned by the elements of E under the operations /i„ defined 
above, and let T{M{E)) = 0M(£')®" the tensor space over M{E) equipped with 

the deconcatenation coproduct. 

8.9. Proposition. Given a set E, the coalgebra 2-ass{E) is isomorphic to T{M{E)). 

Proof. It suffices to prove that any homogeneous element of degree n of 2-ass{E) 
belongs to T{M{E)) for all n. We proceed by induction on the degree of n. For 
n — 1 and n = 2 the result is immediate to check. 

For a tree t = \/{t^ , . . . ,t^) — t^ t^ the result is immediate because, a 

recursive argument states that any P belongs to T{M{E)). 

Suppose then that t ^ t^ ® ■ ■ ■ ® , since \t^ ® ■ ■ ■ ® T^^l < |i| and |r| < \t\, 
we know that both elements belong to T{M{E)). So, we may restrict ourselves to 

prove that an element of the form x®{z'^ z™) is in T{M{E)), for x £ T{M{E)) 

and e M{E). 
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Again, we proceed by a recursive argument on to. Note first that: 

Z^ O /l2(z^, (. . . ,/l2(Zm_i, Z„)))), 

But, using the recursive hypothesis and the arguments above, we get that: 

X<S>{Z^ z"- (Z^^'+I O /i2(z'^+2, (. . . , ^12(Z„^^1,Z„^))) € T{M{E)), 

for < fc < m - 2, which imphes that x ® {z^ z™) is in T{M{E)). 

For any 2-infinitesimal nonunital bialgebra (^, •,o,A), the triple (A+,-,A-|_) is 
a unital infinitesimal bialgebra. So, we have that for any set E, the subspace 
M{E) is the subspace of primitive elements of 2-ass{E). But, since as a vector 
space 2 — ass{E) is just T(ii'[r(_B)], the dimension of the homogeneous elements 
of degree n of Pnm{2-ass{E)) is just C„_i|i?|", where C„_i is the super Catalan 
number. So, for any finite set E, the dimension of M{E)n is C„_i|i?|". 

8.10. Proposition. For any set E, the subspace of primitive elements of 2-ass{E), 
equiped with the n-ary products fin is the free Mag{oo) algebra over E. 

Proof. It suffices to note that for any finite set E, the subspace of homogeneous 
elements of degree n of the free Mag{oo) algebra spanned by E is the number of 
planar rooted trees with n leaves, whith the leaves coloured by the elements of i?, 
which is precisely C„_i | E |" (for a more detailed study of this algebra we refer to 

M)- 

As in the previous cases, given a Mag{oo) algebra {M,fj,n) we consider the free 
2 — ass algebra spanned by M. We define the universal 2 — ass enveloping algebra 
U2^ass{M) of {M,fin) B.S the quotient of 2-ass{M) by the ideal spanned by the 
elements of the form /i„(a;i, . . . ,Xn) — . . . , for xi, . . . , a;„ G M; where JI^ 

are the magmatic products defined on 2-ass{M). 

The proof of a Cartier-Milnor-Moore type theorem for connected duplicial bial- 
gebras follows as in previous cases. 

8.11. Theorem, a) Let (A, •,o,A) be a connected 2-infinitesimal nonunital bial- 
gebra, then A is isomorphic to W2-ass(Prim(j4)), where Prim(74) is the Mag{oo) 
algebra of primitive elements of A. 

b) Let [M, •) be a Mag{oo) algebra, then M is isomorphic to Vvmi{lA2-ass{M)). 
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